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Abstrakt: Praca predstavuje trojuholnikovy model pojmovej Struktury ajeho vyvojové urovne. Zakladné
komponenty modelu st: jadro C (slovo, imaginat, symbol), vyznam M, vyznamové roviny M1, M21, M3, zmysel
S aich vztahy. Model rozliSuje vyznam a zmysel ako dve disjunktné mnoziny. Na tomto modeli je zalozena
kognitivna analyza pojmov. Tato metdéda umoziuje kognitivne modelovanie — konstruovanie kognitivnych
modelov pojmov a ich mentalnych reprezentacii, ktoré sa nazyva trojuholnikové modelovanie pojmovej Struktiry.
Dalej praca popisuje vyvojové tirovne formovania pojmov v histérii a po¢as vyu¢ovacieho procesu. Po tretie su
prezentované viaceré trojuholnikové modely Vygotského stadii formovanie pojmov na konkrétnych fyzikalnych
pojmoch ako aj trojuholnikové modely vyvojovych urovni pojmov ,,sila* a ,,¢islo”. V zavere je ukazané pouzitie
trojuholnikového modelovania pojmov pri vyucovani ako aj pri vytvarani obsahu vzdelavania.

Abstract: The paper shows a triangular model of concept structure and its developmental levels. The basic
components of the model are: core C (word, representative semantic image, symbol), meaning M, meaning
layers M1, M2, M3, sense S and their relationships. The model distinguishes the concept’s meaning and sense
like two disjunctive sets. Based on this model, a specific method of cognitive analysis of concepts has started to
develop. This method enables cognitive modelling — the construction of cognitive models of single external
concepts and their mental representations named as triangle modeling of concept structure. Secondly the paper
describes the developmental levels of concept formation in the historical development and during the education
process. Thirdly the paper presents several triangle models of Vygotian phases of concept formation on concrete
physical concepts and triangle models of developmental levels of concepts “force” and “number”. The usage of
triangle modelling in learning process and curricular process of curriculum creation is showed.
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1. Uvod — vznik metody kognitivnej analyzy a syntézy pojmov
zalozeng natrojuholnikovom modelovani pojmove Struktury

Metoda kognitivnej analyzy a syntézy externych vedeckych/odbornych pojmov a ich mentalnych reprezentacii
zaloZena na trojuholnikovom modeli pojmove &ruktdry a jeho vyvojovych trovniach umoziuje konstruovat
modely Struktlry externych aj internych pojmov ako prvkov externych a internych pojmovo poznatkovych
systémov *1. Metoda bola predbezne nazvana trojuholnikové modelovanie pojmov a sa uéinne da pouZivat’ ako
jedna zmetod didaktickej transformacie DT2 (resp. kurikularnej transformacie CT2) v priebehu didakticke;j
komunikacie pri vytvarani didaktického systému, resp. zamysl'aného kurikula. Je nutna pri kognitivnej analyze
pojmov v procese ich adaptacie na kognitivnu troven edukanta. Okrem toho spolu s testami kognitivnej Struktary
pojmov a poznatkov sa da pouzivat' v priebehu eduka¢ného procesu na zistovanie vstupnych pojmovych urovni
u edukantov pred zvolenou etapou vzdelavania. Podobnym sposobom sa da pouzivat na zistovanie Urovne
osvojenych pojmov ako sucasti vystupov edukacie vo faze F4 didaktickej komunikacie — implementované
kurikulum.

Model pojmovej Struktury sa ukazal ako vhodna pracovna hypotéza pri Stadiu fyzikadlnych miskoncepcii *2.
Ziacke a $tudentské fyzikalne miskoncepcie sa skimajii uz dva a pol desatroéia (Hestenes at al., 1992, Nachtigall,
1981, Hejnova, 1984, Renstrom at al., 1990, Sharma, 2007, Tarabek, 1985, 1988, 1989, 2002, popis a priklady
miskoncepci ako aj detailnejsi prehl’ad pozri v praci Adaméikova, 2007, Dodatok 2). Pri¢iny miskoncepcii boli
analyzované a vysvetl'ované rozlicnymi spdsobmi. Zistilo sa, Ze na vytvarani miskoncepcii sa podiel’aju ucebnice,
nekorektné a netiplné formovanie pojmov, nespravne postupy $kolskej edukacie zddraznujice formalne vedomosti
(Fenclova 1980, Tarabek, 1985, Brockmeyerova, Tarabek, 2007, Sharma, 2007, Adaméikova, Tarabek, 2007).
Autorove $tudie miskoncepcii vyustili do modelu pojmovej Struktury (Tarabek, 1988), ktory sa ukazal Géinnym pri
analyze pojmov a poznatkov edukantov. Tento model bol postupne dotvarany do si¢asnej podoby, ktora sa nazyva
trojuholnikovy model pojmovej Struktiry. Model nadvizuje na Vygotského tedriu pojmu (Vygotskij, 1986)
a okrem popisu vyvoja spontannych pojmov rozliSuje viaceré Stadia vyvoja vedeckych pojmov u ziakov pri
vyucovani fyziky a matematiky. Model dosledne rozliSuje vyznam a zmysel pojmu ako dve disjunktné mnoziny,
vychadzajuc z Fregeho myslienky vyznamu — Bedeutung a zmyslu — Sinn (Frege, 1892). Model vychadza z idey
sémantického/semiotického trojuholnika.

Metdda kognitivng) analyzy a syntézy externych a internych pojmov zaloZena na trojuholnikovom modéli
pojmove Struktlry ajeho vyvojovych trovniach sa v zjednoduSenej podobe pouZzivala pri analyze fyzikalnych
miskoncepcii (Tarabek, 1985, 1988, 2005). Od roku 2000 sa pouzivala aj pri vytvarani pojmovych tabuliek
(knowledge charts) v posteroch, ucebniciach a sprievodcoch u¢ivom (Adamcikova, Tarabek, 2000, Tarabek 2004,
2006, Tarabkova, 2007). V priebehu rozvijania a Strukturalneho dotvarania koncepcie didaktickej komunikacie
fyziky sa ukazala u¢innym nastrojom pri vytvarani didaktického systému — zamyslaného kurikula. Okrem toho sa
da ucinne vyuzivat' v priebehu edukacného procesu pri zistovani, aké sii mentdlne reprezentacie pojmovo
poznatkovych systémov edukantov, ktoré sa mdzu znacne odliSovat od vedomosti zistovanych beznymi
evaluacnymi nastrojmi (Adamcikova, Tarabek, 2007).
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*1 Externéainterné pojmovo-poznatkove systémy, externé a inter né pojmy/poznatky (podrobnejsi popis v Tarabek,
2007b)

Exter né pojmovo-poznatkoveé systémy (EPPS) su tvorené externymi pojmami a poznatkami, ktoré s vysledkom spolo-
¢enského poznavacieho procesu (napr. v ramci vedeckého vyskumu, odbornej ¢innosti, empirického poznavania), t.j. po-
znavacieho procesu I'udského spolocenstva ako suhrnu poznavacich subjektov, pricom treba rozliSovat’ o aky stthrn pozna-
vacich subjektov sa jedna. Exter ny pojem je kognitivny ttvar, ktory je zakladnou jednotkou symbolického poznania. Po-
jmy mozno organizovat’ do kategorii a do schém, ktoré sa liSia formou pouzivania a mierou abstrakcie a zahrituju informa-
cie o vzt'ahoch medzi pojmami, atributy, kontexty atd’. Kazdy pojem je prepojeny rozliénymi vztahmi k inym pojmom v
pojmovom systéme, ako aj vztahmi k entitam a kategdridm v skuto¢nom svete. Externy poznatok je kognitivny informac-
ny utvar, ktory je reprodukciou zakonitosti, principov a pravidelnosti javov okolitého sveta — vyjadruje ur¢iti informaciu
o zakonitosti reality. Externy poznatok je vyjadreny kognitivnymi vizbami medzi pojmami resp. symbolmi, ktoré oznacuju
pojmy.

Vedecké exter né poj movo-poznatkové systémy st vysledkom poznavacieho procesu spolodenstva vedcov v danej vedne;j
discipline. Su tvorené systémom vedeckych pojmov, vedeckych faktov, zakonov, principov a tedrii, ich aplikacii a interpre-
tacii, d’alej systémom operativnych/proceduralnych poznatkov — poznavacich, modelovacich, aplikaénych a interpretac-
nych metod a postupov, ktoré dana vedna/odborna disciplina pouziva. Nedelitelnou sucast'ou externych pojmovo-
poznatkovych systémov je vedecky obraz sveta (z pohl'adu prislusnej vednej discipliny), ktory je systémom obecnych
predstav o realite konzistentne spojeny s vedeckymi poznatkami a formulovany obvykle v prirodzenom jazyku rozsirenom
o vedecké pojmy. Stcastou EPPS su aj tie pojmy prirodzeného jazyka, ktoré vedci/odbornici pouzivaju pri prezentacii ve-
deckych vysledkov l'ud’om, ktori nie st v danom odbore odbornikmi.

Pri analyze historického vyvoja externych poznatkovych systémov boli rozliSené viaceré vyvojové tirovne EPPS a to:

— vo fyzike Uroven primitivne-empirickd, empiricka, parametricka, Strukturalna a formaliza¢na (Tarabek 1988, 2002,
2003, 2006);

— v matematike uroven empirickd (obrazova), imagina¢na/ikonicka, symbolicka a formalna (Tarabek 2006, 2007a).

Pri analyze modelov IPPS a ich overovani na ziakoch a §tudentoch boli zistené prvky niektorych urovni EPPS v ramci

kognitivneho vyvoja, napr.:

— prvky urovne primitivne-empirickej, empirickej, parametrickej pri $tudiu internych fyzikalnych pojmov a poznatkov
u ziakov zékladnej a strednej Skoly (Tarabek 2002, 2003);

— prvky trovne empirickej (obrazovej), imagina¢nej (ikonickej) a nastup urovne symbolickej pri §tadiu matematickych
pojmov a poznatkov u deti predSkolského veku a ziakov zakladnej Skoly (Tarabek 2007a).

I nter ny pojmovo-poznatkovy systém (IPPS) resp. mentalny pojmovo-poznatkovy systém je tvoreny internymi po-
jmami a internymi poznatkami, ktoré sit mentalnymi reprezentaciami externych pojmov a poznatkov a st produktom in-
dividualneho poznavacieho procesu ¢loveka, ¢i uz v ramei vlastného poznavania zalozeného na sktisenosti a mysleni, alebo
v procese ucenia, rovnako aj v pracovnej ¢innosti. IPPS je systém pojmov a poznatkov, ktoré si poznavaci subjekt (cogniti-
ve agent) vytvara resp. ziskava v procese vychovy, vzdelavania, vlastnou observacnou ¢innostou (pozorovanim), prostred-
nictvom empirickej skiisenosti, ako aj cielavedomym experimentovanim a vlastnym myslenim v procese vedeckého po-
znavania. Pod poznatky zarad’ujeme aj vedomosti, ktoré st u€astou systému, t.j. si prepojené na ostatné prvky IPPS, teore-
tické i praktické znalosti a to nielen deklarativne ale aj opera¢né/proceduralne. Interné pojmy a poznatky maji svoju vlast-
nu Strukturu, ktort mozno skiimat’ a modelovat’ (Tarabek, 2004, 2005, 2006, 2007b).

I nter né pojmovo-poznatkové systémy st tvorené prvkami a relaciami resp. vizbami medzi prvkami. Elementarnymi prv-
kami IPPS st pojmy na rdznej abstrakénej urovni a na roéznych urovniach vytvérania, d’alej st to slova, matematické, fyzi-
kélne a iné symboly, predstavy na roznej urovni abstrakcie, ako aj elementarne znaky jednotlivych predstav — vnemov
uchovavanych v paméti. Vazby medzi prvkami IPPS su rozliénych typov, ich mnozina je ovela bohatsia nez mnozina prv-
kov (Tarabek 1988, 2004, 2005). Vézby na elementarnych prvkoch vytvaraju prvky vyssieho radu — rdzne kontextualne
spojenia medzi slovami prirodzeného jazyka, gramatiky, skiisenosti, empirické a teoretické zakony, pravidla, matematické
vety, logické viazby medzi axidmami, zdkonmi a principmi vedeckej tedrie, v¢itane vézieb umoziujucich interpretaciu ted-
rie do reality, funkéné vizby medzi prvkami myslienkovych modelov technickych systémov a pod.

I nter ny pojmovo-poznatkovy systém je teda dvojica [M, Re], kde M je mnozina vSetkych prvkov IPPS a Re je mnozina
relacii na M (Palpan 1981, Tarabek 1988).

*2 Zistilo sa, Ze ziaci a $tudenti maju uZ pre zaciatkom vyu€ovania fyziky vytvorené ur€ité prekoncepcie (prvotné ,,predvedec-
ké* nazory a empirické poznatky). Su ziskané obvykle vlastnym poznavanim zalozenym na pozorovani reality, a preto st
nickedy nespravne. V $kole potom ziskavaju nielen formalne znalosti, ale vytvaraju si aj svoje vlastné nespravne nazory,
vedomosti, neuplné a nespravne pojmy — tzv. miskoncepcie, alternativne Studentské ramce, predvedecké koncepcie atd’.
Mares to nazyva ziackym & §tudentskym pojatim ugiva (Cap, Mares, 2001). Problém, na ktory mnohi autori upozoriiujd,
spociva v tom, mnohé prekoncepcie a miskoncepcie st v mysleni ziakov a §tudentov hlboko zakorenené, na vytvarani mis-
koncepcii sa podiel’a aj $kola a pretrvavaju az do dospelosti. Podiel’aju sa na tom svojou chybovost'ou u¢ebnice, nespravne
nastavené osnovy zarad’ujuce do u¢iva pojmy presahujice kognitivnu Grovei ziaka, formalne vedené vyucovanie.
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2. Trojuholnikovy model Struktiury pojmu

Trojuholnikovy model struktiry pojmu bol vytvoreny v nddvdznosti na Vygotského koncepciu Struktury pojmov
(Vygotsky 1970, 2004) vyjadrenti napr. vetou: ,,To think of some object with the help of a concept means to
include the given object in a complex system of mediating connection and relations disclosed in determinations
of the concept.” (Rieber, Robinson, 2004, The Essential Vygotsky). Dalej model vychadzal z koncepcie
sémantického modelovanie pojmov a poznatkov (Pdlpan, 1988, Tarabek 1985, 1988, 1989) a sémantickych sieti
(Linhart, 1976, Sternberg, 2002). V dalSej etape prace boli rozpoznané a Specifikované urovne vyvoja
matematickych a fyzikalnych pojmov (pozri obr. 3). Model bol prvykrat publikovany v roku 1988 ako model
pojmovej Struktiry (Tardbek, 1988). Pod nazvom trojuholnikovy model pojmovej Struktary bol publikovany
v pracach (Tarabek, 2005, 2006, 2007b). Model publikovany v praci (Tarabek, 2007b) bol vzhl'adom na niektoré
nedostatky prepracovany, doplneny a v tomto ¢lanku je prezentovany v jeho siéasnej podobe.

Zakladné prvky modelu st: jadro C (core), vyznam M (meaning) a zmysel S (sense), ako aj ich vzajomné
prepojenia a hierarchické urovne M1, M2, M3 vyznamovych rovin.

Jadro pojmu

Jadro pojmu je zlozené ztroch navzajom prepojenych prvkov: slove, symbol, sémanticky imaginaény
reprezentant. Sémanticky imaginacny reprezentant (RSI — representative semantic image) — imaginat — je
dominantna predstava, ktora sa vynori v mysli pri vysloveni prislusného slova alebo pri myslienkovej operacii,
ktora pouziva prislusny pojem, slovo, symbol. Teda ako mentalna reprezetacia objektov, dejov, javov a entit
vjadre pojmu pozostava ztroch komponentov: slova, analégového komponentu — RSI asymbolického
komponentu — symbolu. RSI je obrazovy prototyp, ktory obsahuje vSetky podstatné ¢rty charakterizujiice tridu
denotatov daného pojmu.

V mnohych pripadoch sa vytvara aj obrazova forma sémantického imagina¢ného reprezentanta, pre ktoru sa
obvykle pouziva termin sémanticky ikonicky reprezentant — ikon. Casto sa ikon formalizuje a pouZiva sa
v beznej komunikacii vSade tam, kde je potrebné struéné ndzorné vyjadrenie bez pouzitia textu — na letiskach,
staniciach, v pocitacovom softvéri atd’.

Vyznam pojmu

Vyznam pojmu (pozri obr. 1) je tvoreny mmnozinou vsetkych podradenych pojmov a predstav, ktoré sa
k prislusnému pojmu vzt'ahuju a véizbami na tieto pojmy a predstavy.

Vyznamova rovina M1

Medzi podradené pojmy moézu patrit referenty. S to pojmy, ku ktorym prislusny pojem ,referuje
a umoznuje diferenciaciu celej triedy denotatov pojmu (t. j. objektov, dejov, kvalit a entit v realite, na ktoré sa
prislusny pojem vztahuje) na disjunktné podtriedy. Napr. triedou referentov pojmu ,,sila“ je subor pojmov
,,gravitacna sila“, ,,elektromagnetické sily*, ,,jadrové sily a ,,slabé interakcie. Treba vSak zdoraznit' ze v IPPS
popri jednej triede referentov mézu existovat’ aj d’alsie, ktoré diferencuju triedu denotatov inym spésobom. Napr.
v klasickej mechanike sa sily rozliSovali na skutocné a zdanlivé. Skutocné sily boli gravitacné, elektrické a
magnetické — t. j. sily pdsobiace na dial’ku a sily posobiace pri dotyku telies. Zdanlivé sily boli napr. ,,zotrvacna
sila® alebo Coriolisova sila. Teda trieda referentov vyzerala v minulosti inak. Terminy ,,sily posobiace na dial’ku*,
,,Sily pdsobiace pri dotyku telies” a ,,zdanlivé sily* sa vSak pouzivaju aj v stcasnosti (v réznych verbalnych
formach) pri analyze uloh aplikacného charakteru, v technickych disciplinach a vo vyu¢ovacom procese.

Mozeme teda hovorit o viacerych triedach referentov, ktoré v podstate reprezentujii rézne pribuzné vyznamy
prislusného pojmu. Ak v internom pojmovo-poznatkovom systéme existuju k danému slovu viaceré pribuzné
triedy referentov, hovorime o vyznamovom poli prislusného pojmu. Treba zdoraznit, Ze termin ,,vyznamové pole
sa nevztahuje na homonymitu, t. j. situaciu, ak prislusné slovo ma viac nepribuznych vyznamov (napr. slovo
,,matka“ znamena matku ¢loveka, ale aj maticu skrutky).

Vyznamova rovina M1 moéze mat’ aj viac podrovin. Napr. pojem ,zariadenie bytu“ ma referenty ,,nabytok®,
»sanita®, _textilie”, ,,podlahoviny* atd’. Pojem ,,nabytok® ma referenty ,,kuchynsky nabytok®, ,,nabytok do spalne®,
,»habytok do obyvacky* atd’.
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Obr. 1: Trojuholnikovy model $truktiry pojmu

Pravouhlé obiil}iky (boxy) znazorfuji komponenty pojmovej Struktary (C — jadro, S1, M1, M2, M3, rozsah);
ciarkované obdlzniky znazornuju subsystémy (vyznam a zmysel), bodkované obdlzniky znazornuja pojmy,
$ipky znazornuju vazby medzi prvkami pojmovej Struktary.

nadradeny pojem pojem

DN I
| S —zmysel pojmu (sense) = mnozina S1 + zmyslové I
: vizby :
Jadro C pojmu (core — C) : o — . :
—slovo W (verbalna forma jadra pojmu) | 1 zmyslove vizby S 1. - mnozmajgdler I
— symbol (symbolicka forma) ; priradenych pojmov, ktoré :
— sémanticky imaginat / sémanticky f mozno zmysluplne spggat’ I
imaginacny reprezentant ! S Jadr.om C dan¢ho pojmom |
(imaginac¢na forma jadra pojmu) | v reci alebo v mysleni :
| |
r——— N T T o T T T T
I vyznamové vazby M - vyznam pojmu (meaning) |
: M=MIl+M2+M3+E |
, - |
: M1 - referenéna mnozina — mnozina referentov, plus vyznamové véizby I
| | ktoré st podradené danému pojmu :
' |
} |
: vyznamové vizby :
|
' |
I | M2 — designaty — konkretizované pojmy alebo predstavy, ktoré mozno podradit’ I
: prislusnému pojmu alebo niektorému z jeho referentov :
' |
: |
| vyznamové vizby :
' |
|

I | M3 —konkrétne predstavy objektov, javov, dejov, entit v mysli ¢loveka ozna¢ované prislusnym :
l slovom W |
: E — rozsah — trieda denotatov: objektov, javov, dejov, entit ozna¢ovanych prislusnym slovom W :
.- -

Ziakladna trojuholnikova Struktira pojmu Vyznamovy trojuholnik

Vyznam moéze mat’
7 oot »trojuholnikovy* tvar. Jadro pojmu
mysel pojmu ;
Tadro pojmu ysel poj (jadro ako vrchol,

rozsah ako zékladna).

M — vyznam pojmu

MIUM2UM3UE Rozsah pojmu
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Vyznamova rovina M2

Designaty su konkretizované pojmy alebo predstavy, ktoré mozno podradit’ prislusnému pojmu, alebo niektorému
z jeho referentov. Tieto pojmy moézu mat’ rozlicnll Groven abstrakcie resp. konkretizacie od pojmov relativne
abstraktnych podradenych priamo referentom az po pojmy vyjadrujuce priamo konkrétne objekty, javy, vlastnosti
a pod. Napr. referentu ,,elektrostaticka sila®“ mozno podradit’ pritazlivé a odpudivé elektrické sily a tieto mézeme
dalej diferencovat’ na rézne konkrétne sily prejavujice sa v realnych situaciach, mézeme rozlisovat’ ich rézne
velkosti, smery resp. posobiskd. Inému referentu ,,sila pdsobiaca pri dotyku telies” mozno podradit’ sily trecie,
tahové, tlakové, vizbové a pod. a tieto opit’ mozno dalej diferencovat’ na sily prejavujice sa v konkrétnych
situaciach. Designaty, ktoré¢ si pojmami, maji kompletnii formalnu stranku, t. j. slova, symboly a imaginaty
véitane védzieb medzi nimi. Medzi designaty patria vSak aj tie predstavy, ktoré subjekt nepomenovava slovom
a obvykle odrazaju ur¢itou zovSeobecnenou formou konkrétne vnemy. Moéze sa vSak jednat’ aj o abstraktné
predstavy, s ktorymi subjekt manipuluje v procese poznavania a tvorivého hl'adania poznatkov.

Vyznamova rovina M3

Denotaty su objekty, javy, deje, entity ¢i vztahy, ktoré st prisluSnym slovom oznacované, resp. reprezentované
prislusnym pojmom v internom pojmovo-poznatkovom systéme. Napr. triedou denotitov pojmu ,teleso* su
vSetky telesa v realite. Triedou denotatov pojmu ,,mikrocastica” v kvantovej mechanike su vsetky kvantové
objekty (napr. elementarne Castice), ktoré su dostatocne malé na to, aby sa chovali podl'a zakonov kvantovej
mechaniky. Triedou denotatov pojmu ,,sila* s vSetky posobiace sily v prirode. Denotatmi st nielen objekty, deje,
javy v prirode (ktorej sicastou je aj Clovek), ale aj prvky internych pojmovo-poznatkovych systémov, ktoré
oznacujeme slovami. Su to konstrukty 'udskej mysle a obecne ich nazyvame entity, mnoziny, relacie atd’.

Ak denotaty mozeme vnimat (napr. hviezdy, rdzne telesa, kvapaliny a pod.) hovorime o denotatoch evidentnych.
Okrem nich existuji denotaty registrovatené pomocou fyzikalneho merania, ktoré nemusia byt evidentné, napr.
mikrocastice, sily, energia a pod. Niektoré fyzikalne pojmy, ktoré su idealizovanymi konstrukciami, nemajt realne
denotaty. Takymito pojmami st napriklad hmotny bod, idealny plyn, idealne tuhé teleso a pod. V tomto pripade
mozno hovorit’ o imaginarnych denotatoch, pricom v realite existuji realne objekty, ktoré sa len malo liSia od
naSich predstav idealizovanych objektov.

Vyznamové vizby su vizby:

— medzi jadrom prislu§ného pojmu a jadrami referentov,

— medzi jadrom prislusného pojmu a jadrami designatov,

— medzi jadrami referentov a jadrami designatov,

— V IPPS cloveka su denotaty zastupené konkrétnymi predstavami, potom k vyznamovym vézbam médzeme prira-
dit’ aj vazby triede denotatov.

Trieda vSetkych denotatov tvori rozsah (extenziu) prislusného pojmu.

Zmysel pojmu

Ziaden pojem nie je v internom pojmovo-poznatkovom systéme (IPPS) izolovany. Je spojeny velkym po¢tom
vézieb s ostatnymi prvkami IPPS. Vsetky vézby, ktorymi je prislusny pojem, resp. jeho jadro spojené s ostatnymi
pojmami IPPS (okrem vizieb na pojmy podradené), tvoria spolu s mnozinou S1 (pozri obr. 1) jeho zmysel.

Zmysel pojmu je tvoreny mnozinou priradenych pojmov S1 a zmyslovych vézieb jadra pojmu na priradené po-
jmy (obr. 1). Zmyslové vizby mozeme delit’ na:

kvalitativne vizby — aktualne, potencialne

atributivne vézby,

kognitivne vizby,

operacionalne vizby,

kontextualne vizby.

i

1. Kvalitativne vizby st vizby na pojmy vyjadrujuce aktualne kvality (resp. vlastnosti), potencialne kvality
a atributy dané¢ho pojmu — podstatné vlastnosti.

Aktualne kvality su konkrétne vlastnosti charakterizujuce triedu denotatov (objektov, dejov, javov, entit, ktoré
prislusny pojem charakterizuje). Aktualnou vlastnostou cerveného jablka je jeho cervend farba. Aktudlnou
vlastnostou sily je skutoc¢nost, Ze je vektorova fyzikalna velicina.

Potencialne kvality st vlastnosti charakterizujuce denotaty podradenych pojmov — referentov resp. designatov.
Pripojenie potencialnych kvalit k danému pojmu spdsobi jeho diferencidciu na pojmy podradené. Napr. pripo-
jenim potencialnych kvalit ,,pohyb* a ,,pokoj* k pojmu ,,teleso* dostaneme dve disjunktné triedy denotatov re-
prezentované pojmami ,,pohybujuce sa telesa™ a ,,telesa v pokoji“. Potencialne kvality, ktoré je mozné pripojit
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k pojmu ,,sila”, st ,,gravitacna*, ,elektromagneticka®, ,,jadrova™ a kvalita vyjadrena terminom ,,slabé interak-
cie”. Tym sa rozdiferencuje obecny pojem sily na referenty (ktoré st potom plne vybudovanymi pojmami). Ak
uvazujeme ind vyznamovu Struktiru, mézeme pojem sily rozdiferencovat’ na podradené pojmy pripojenim kva-
lit ,,zdanliva“ a ,,skuto¢na®. Potencialne kvality prislusného pojmu st stcasne aktualne kvality podradenych
pojmov, ku ktorym su pripojené. Vézby jadra pojmu na potencialne kvality vSak nemozno stotoziovat’ s vyz-
namovymi vézbami prislusného pojmu priamo na podradené pojmy — referenty. Poznéavaci subjekt moze totiz
rozliSovat’ rézne referenty prislusného pojmu podl'a konkrétnych znakov, méze dokonca pouzivat slova vyjad-
rujuce prislusné kvality spolu so slovom vyjadrujucim prisluSny pojem, ale nemusi mat’ eSte dobre vybudované
pojmy tychto kvalit. Napr. podla (Tarabek, 2005) ziaci 6. ro¢nika zakladnej skoly maju vybudované pojmy
»gravitaéna, elektricka a magneticka“ (sila) na konkrétnej Grovni, avsak tieto sily rozliSuju iba na zaklade urci-
tych konkrétnych znakov. Napr. magneticka sila je sila, ktorou pdsobi magnet na Zelezné predmety, elektricka
sila sa prejavuje po zelektrizovani niektorych predmetov pritahovanim papierikov, vlakien, vlasov a pod., gra-
vitaéna sila sa prejavuje tym, e zavazie natiahne pruzinu silomeru. Ziaci maju obvykle kvalitu ,,magneticky*,
,elektricky®, ,,gravitaény* spojenu tak tesne s pojmom sila, Ze tieto kvality zrejme eSte nie su v mysleni Ziaka
osamostatnené. K osamostatneniu tychto kvalit prispieva budovanie pojmu ,,elektrické, magnetické, gravitacné
pole® ako (silové) pole, ktoré sprostredkovava silové posobenie. Ako ukazala praca (Tarabek, 2005), takto vy-
budovany pojem magnetického pol'a ma iba okolo 40% Studentov gymnazia (prakticky nezavisle na ro¢niku).
Ostatni pokladaju magnetické pole (nanajvys) za priestor okolo magnetu.

2. Atributivne véazby su kvalitativne zmyslové vdzby na pojmy vyjadrujice atributy daného pojmu. Atributy
daného pojmu su tie aktualne kvality, ktoré vyjadruji podstatné vlastnosti charakterizujice triedu denotatov
(objektov, dejov, javov, ktoré prislusny pojem oznacuje). Podl'a tychto vlastnosti sme schopni pozorovany ob-
jekt, dej, jav zaradit’ do triedy denotatov tvoriacich rozsah prislusného pojmu. Napr. atribitom pojmu ,,teleso*
je jeho hmotnost’. Atriblty pojmu ,,pevné teleso® st staly objem, staly tvar a hmotnost’. Atriblty pojmu ,.kvapa-
lina® st staly objem a nestaly tvar. Atribitom sily je skuto¢nost’, Ze vyjadruje pdsobenie medzi fyzikalnymi ob-
jektmi (t.j. medzi telesami, resp. medzi telesom a pol'om). Atribitom jablka je skutoc¢nost’, Ze je plodom jablo-
ne; atribitom ihlicnatého stromu je ihli¢ie, atributom listnatého stromu su listy. Atribaty sa vyskytujua
v definiciach, v ktorych sa pouziva nadradeny pojem, napr. ,,Teleso je hmotny fyzikalny objekt.”, kde ,,fyzikal-
ny objekt” je nadradeny objem, ,,hmotnost™ je atribut. ,,Pevné teleso je (hmotny) fyzikalny objekt, ktorého ob-

jem a tvar su stale. Kvapalina je fyzikalny objekt, ktorého objem je staly a tvar sa méze menit’.*

3. Kognitivne vizby su viazby medzi jadrom prislusného pojmu a pojmami, ktoré vystupuji vo fyzikalnych resp.
prirodnych zakonoch (pravidlach, principoch) spolu s prislusnym pojmom. Ak napr. uvazujeme II. Newtonov
zakon v tvare: F = m . a, potom ma ziak vytvorenu kognitivnu vizbu pojmu ,,sila* na pojem ,,zrychlenie*
vtedy, ak si uvedomuje, Ze ,,sila spdsobi zmenu pohybového stavu®, t. j. v konkrétnom mysleni ziaka je tento
poznatok v tvare: ,.sila spdsobi zrychlenie, spomalenia pohybu telesa resp. zakrivenie drahy*. Takato kognitiv-
na vizba bola napr. zistend iba u 23 — 32% ziakov zékladnej $koly a gymnazia (po¢inajtic 7. roénikom ZS), pri-
¢om zavislost’ na veku respondentov je nevyrazna (Tarabek, 2005). Pritom sa ukézalo, ze ak aj §tudent pozna I1.
Newtonov zakon, dokonca vie poc€itat’ pomocou neho priklady, nemusi si eSte uvedomovat’ viazbu ,,sila spdsobi
zrychlenie, spomalenia pohybu telesa resp. zakrivenie drahy“. Napr. priblizne polovica Studentov 4. ro¢nika
gymnazia pozna II. Newtonov zakon, asi 30% ho vie aplikovat’ pri rieSeni fyzikalnej tlohy, avSak len tretina z
tych, ¢o vedia aplikovat’ II. Newtonov zakon, vie Ze ,,sila vyvolava zmenu pohybového stavu (t. j. zrychlenie,
spomalenie, zakrivenie drahy)“. Podobne sa ukazalo, Ze znalost Ohmovho zakona: 1= U/R i znalost’ jeho apli-
kacie na konkrétne tlohy este neznamena, Ze ziaci si uvedomuju kognitivnu vizbu nepriamej umernosti medzi
pradom a odporom I ~ 1/R. Podobne sa ukazalo, Ze Ziaci 7. roénika ZS poznajii ,,vzorec* pre vypocet obvodu
kruhu O = 2nR a vedia obvod kruhu vypocitat, avSak len mala ¢ast’ z nich (asi 16%) si uvedomuje, zZe obvod
kruhu je 2m-krat vacsi nez jeho polomer (Tarabek, 1988).

4. Operacionalne vizby su viazby medzi jadrom prislusného pojmu a pojmami, ktoré spolu s nim vystupuju vo
fyzikalnych definiciach. Tieto vizby st vyjadrené tzv. operacionalnymi definiciami resp. operacionalnymi pri-
radeniami (Tarabek, 1988). Mame na mysli iba tie operacionalne priradenia, ktoré su realizované myslienko-
vymi operaciami, teda nie operaciami inStrumentalnymi, resp. ich sekvenciami vediicimi na experimenty a me-
rania. Operacionalne vizby existuju v mysli ziaka ¢i Studenta, ak vie ,,¢itat™ definicie, resp. operacionalne pri-
radenia. Napr. ak $tudent vie ,,¢itat™ definiciu: s = v . t (draha sa rovna sucinu rovnomernej rychlosti a ¢asu), v
Struktare jeho pojmu ,,draha* existujii vazby: s ~ v (draha rovnomerného pohybu je imerna rychlosti pohybu) a
s ~ t (draha rovnomerného pohybu je imerna dizke ¢asového intervalu). Ak tudent vie &itat’ definiciu a = dv/dt
(zrychlenie je derivaciou rychlosti podl'a ¢asu), uvedomuje si, ze ,,zrychlenie je priamo imerné diferencialnej
zmene rychlosti* a ,,nepriamo umerné diferencialnej zmene Casu®.

5. Kontextudlne viizby su suvislosti medzi jadrom prislusného pojmu a vSetkymi ostatnymi pojmami, ktoré moz-
no s prislusnym pojmom zmysluplne spajat’ vo vypovediach, pricom tymto terminom neoznacujeme vézby kva-
litativne, atributivne, kognitivne a operacionalne. Pojem ,,sila“ mozno zmysluplne spajat’ vo vetach napr.
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s pojmami ,,pohyb®, ,,pdsobenie®, ,,pole, ,,priestor, ,,Cas“, a pod. Kontextudlne vizby medzi pojmami sa
uplatfiuja pri radeni slov vo vetach pri zmysluplnych vypovediach. Je zrejmé, ze vypoved ,,Auto ma zelené lis-
ty.” je nezmyselna, pretoze medzi pojmami ,,auto” a , listy* nie je kontextualna védzba. Kontextualne vizby
umoznuju ¢loveku tvorit’ predikaty — slovné vypovede tykajiice sa vlastnosti, zakonitosti, defini¢nych priradeni
i vypovede tykajice sa vyznamovych vizieb prislusného pojmu nadol i vdzieb smerom nahor na pojem nadra-
deny. Stucastou kontextualnych vézieb su aj vizby gramatické.

3. Vygotského Stadia formovania pojmov

Vygotsky (1986) rozlisuje tri hlavné §tadia vytvarania spontannych pojmov veduce k plne formovanému pojmu:
synkret (heap), komplex (complex), pseudopojem. Stadium komplexu ma viaceré varianty: association, collection,
chain complex, diffuse complex. Do $tadia komplexu Vygotsky zahriiuje aj pseudopojem, v tejto praci tento
termin budeme chapat’ ako zvlaStnu etapu formovania pojmu.

Popis Vygotského Stadii vyvoja pojmu pomocou trojuholnikového modelu

V pracach, v ktorych bola pouzita prva verzia modelu pojmovej Struktary (Tarabek, 1988), sa zistilo, ze aj vyvoj
vedeckych pojmov v mysliach Studentov v priebehu vyucovacieho procesu moéze prechadzat’ stadiami komplexu
a pseudopojmu, kym dospeje do Stadia plne formovaného pojmu (Gregusova, 1986, Tarabkova, 1988, Ml¢tichova,
1988).

V pracach (Ml¢uchova, 1988, Tarabek, 1988) boli rozliSené Stadia komplexu, pseudopojmu a pojmu u Ziakov
8.ro¢nika ZS az Studentov 4. ro¢nika gymnazia u pojmu ,,vodi¢ elektrického pradu® Otazka znela: ,,Cim vsetkym
mdze pretekat’ elektricky prud?* Vysledky st prezentované v tabulke 1.

Stipec 1 uvadza poet respondentov danej vekovej skupiny. Stipec 2 uvadza percentualny podiel nulovych alebo
nespravnych odpovedi.

Stipec 3 ukazuje percentualny podiel odpovedi na tirovni komplexu, ktoré uvadzali spravne priklady vodicov
(med’, Ziarovka, kovy, elektrolyty, voda a pod.) a spolu s nimi niekedy (nie u v§etkych respondentov) aj nespravne
priklady (signal, zvuk, svetlo).

Stipec 4 ukazuje percentualny podiel odpovedi na urovni pseudopojmu, ktoré uvadzali spravne priklady na
urovni referentov (kovy, elektrolyty, ionizované plyny) niekedy doplnené aj designatmi — ako prikladmi na
jednotlivé referenty (napr. kov — med, zelezo; elektrolyt — kyselina v akumulatore).

Stipec 5 ukazuje percentualny podiel odpovedi na urovni pejmu, ktoré boli charakterizované definiciami, napr.
»Elektricky prad prechadza vsetkymi latkami, ktoré¢ obsahuji vol'né nabité Castice.”, ,,Elektricky prud prechadza
vSetkymi latkami, ktoré obsahuju volné elektrony.“ apod., priCom niektori S$tudenti odpoved’ doplnili aj
konkrétnymi prikladmi elektrickych vodi€ov na Grovni referentov, designatov aj denotatov.

Tabulka 1: Odpovede na otazku ,,Cim vietkym moze pretekat’ elektricky prad?“ (Ml&uchova, 1988)

stipec 1 2 3 4 5

vek respondentov pocet | nulova/nezmyselna | odpoved na urovni | odpoved na Grovni odpoved’ na
resp. odpoved’ komplexu pseudopojmu urovni pojmu

ziaci 8. ro¢nika Z$ 315 6,3 % 61,9 % 28,9 % 29%

Studenti 1. ro¢nika gymnazia 200 3,0% 55,5% 33,5% 8,0 %

Studenti 3. ro¢nika gymnazia 218 0,4 % 36,1 % 55,0 % 10,5 %

Studenti 4. ro¢nika gymnazia 200 4,0 % 25,0 % 59,0 % 12,0 %

V pracach (Gregusova, 1986, Ml¢uchova, 1988, Tarabkova, 1986) bol skiimany vyvoj pojmov ,,vodi¢ elektrického
pradu®, ,elektricky prad®, ,elektrické napitie®, ,elektrické pole®, ,,magnetické pole” a ,,sila“ v priebehu 6. az 8.
ro¢nika ZS a 1. az 4. roénika gymnazia. Na zaklade kognitivnej analyzy tychto pojmov pomocou trojuholnikového
modelu a v nadvéznosti na pracu (Vygotsky, 1986) boli rozliSené tieto Styri $tadia neuplného pojmu
predchédzajuce plne vybudovany pojem:

1. Niz8i komplex je charakterizovany slovnym jadrom, ktoré obsahuje iba slovo — nazov pojmu. Vyznamova
rovina M3 mdze mat’ o nieCo VA¢si pocet prvkov nez M2, t.j. ku kazdému designatu je priradeny iba jeden de-
notat a niektoré predstavy denotatov su pripojené priamo na jadro — subjekt pre niektoré predstavy nema meno.
Moze to byt aj naopak — k niektorym designatom si subjekt nemusi vybavit’ predstavu. Pocet prvkov M2 je
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vel'mi nizky (Casto iba jeden, dva). Okrem spravnych designatov a predstav denotatov st vo vyzname zaradené
vel'mi Casto aj nespravne. Kontextualne vézby obvykle chybaju.

2. Vyssi komplex charakterizovany jadrom, ktoré okrem slova obsahuje aj imagina¢ny reprezentant — obrazovy
prototyp s ¢rtami charakterizujucimi triedu denotatov. Imaginat nemusi byt Uplny a moze obsahovat’ aj ne-
spravne Crty. Vyznamova rovina M3 obsahuje viac prvkov nez M2, t.j. k jednému designatu je uz pripojenych
viac predstav denotatov. Medzi designaty su zaradené aj pojmy, ktoré sa neskorSie mozu stat’ referentmi, teda
ziak este nerozliSuje pojmy na réznych hierarchickych tirovniach. Kontextualne vézby st uz vybudované, takze
ziak vie popisat’ vetami pripojenie vodiéa k zdroju, Ziarovke a pod. Ziadne zo $tadii komplexu nema nadradeny
pojem pripojeny vizbou na dany komplex.

3. NiZsi pseudopojem je charakterizovany jadrom, ktoré ma uz Uplny imaginacny reprezentant — prototyp so
spravnymi a jasnymi ¢rtami. M4 hierarchicky usporiadant $truktaru vyznamovych rovin M1, M2 a M3, pricom
M1 ani M2 neobsahujt Giplny pocet prvkov charakterizujtcich plne vybudovany pojem. Nizsi pseudopojem este
nema ani zmyslové vidzby na potencialne kvality, teda jeho referenty nie su plne vybudované pojmy. Moze
existovat’ vézba na nadradeny pojem, avSak zmysel pojmu neobsahuje vsetky atributy, atributivne vézby su ne-
dostato¢ne vytvorené, takze definicia pomocou nadradeného pojmu a atributov je neuplna alebo celkom ne-
spravna.

4. Vyssi pseudopojem je charakterizovany jadrom, ktoré ma uz Uplny imaginacny reprezentant — prototyp so
spravnymi a jasnymi ¢rtami. M4 hierarchicky usporiadana uplnua Struktaru vyznamovych rovin M1, M2 a M3
a zmyslové vizby na potencialne kvality, ktoré roz¢lenuji pojem na referenty ako plne vybudované pojmy.
Existuje vizba na nadradeny pojem, avSak zmysel pseudopojmu nema uplne vytvorené atributy, takze definicia
pomocou nadradeného pojmu a atributov je netiplnd. Vyssi pseudopojem sa podoba na Gplne vybudovany po-
jem s jednym rozdielom: neda sa spravne definovat’ pomocou nadradeného abstraktnejSieho pojmu a atributov.

Vyssie popisané etapy vyvoja vedeckého pojmu nazveme Vygotského Stadia formovania pojmu a proces ich
vyvoja ozna¢ime ako CPC—proces (CPC = Complex — Pseudoconcept — Concept). Povodné Vygotského stadia
popisuju iba vyznam pojmu a zmyslové védzby na potencidlne kvality (Vygotsky, 1986). Vyssie formulované
Vygotského stadia popisuju aj jadro pojmu, kognitivne a kontextualne vazby.

Uplny pojem obsahuje vietky prvky a ma vytvorené vietky vizby, teda i vizbu na nadradeny pojem. Vynimkou
su vedecké primarne pojmy (primary concepts), ktoré nemézu mat’ nadradeny pojem, pretoze stoja v hierarchii
pojmov najvysSie. Pomocou primarnych pojmov su definované vedecké sekundarne pojmy (secondary concepts)
a pomocou nich pojmy stojace v hierarchii pojmov este nizsie. V mechanike sl primarnymi pojmami napr. hmota,
Cas, priestor, stav, teleso, atd. V teoretickej mechanike je primarnym pojmom sila, ktord eSte v klasickej
mechanike primarnym pojmom nie je, pretoze ma nadradeny pojem.

Pri vyvoji pojmov prechadzajucich cez Vygotského urovne dosiahnu konkrétne pojmy — vyznamovo nanajvys
dvojtiroviiové, tj. nemaju rovinu M1 — S§tadium Gplného pojmu ovela skor nez abstraktné pojmy stojace
v hierarchii pojmov vyssie. Napr. pri vyvoji pojmu ,.kovovy drot ako vodi¢ elektrického prudu® bolo zistené
Stadium nizsieho komplexu z vyjadreni Stvorroéného diet’ata: ,,.Drot (obaleny izolaciou) pripojime k batérii, aby
elektrina prisla ku Ziarovke.“, ,,Do zasuvky nesmieme strkat’ kliniec, lebo nas kopne elektrina.”. Toto §tadium je
charakterizované designatmi a predstavami denotatov na jednej Grovni, priom vo vyzname sU aj nespravne
denotaty, napr. (nevodiva) $nura, ktorou dieta pri hre pripojilo spotrebi¢ (napr. susi¢ vlasov) k modelu elektrickej
zasuvky (v ktorej nebola elektrina). To isté dieta vo veku 6 rokov vedelo, ze vodi¢om elektriny su len kovové
dréty a vedelo aj uviest’ niekol'ko prikladov (zvoncekovy drot, vodi¢ od lampy, Startovacie kéable, ale aj iné latky
napr. voda), teda jeho pojem bol vybudovany na trovni vyssiecho komplexu. Dieta vo veku 12 — 14 rokov uz
mdze vediet, ze ,,vodiCom elektriny su vSetky droty, ktoré si kovové™ a rozliSuje droty tenké (horSie vodice),
hrubé (lepsie vodice), droty izolované (tie moze chytat’ do ruky) a neizolované (nesmie ich chytat’ do ruky, ak su
pripojené k zasuvke). RozliSuje droty zréznych kovov, pretoze pozna med, Zelezo, hlinik, ktoré delia triedu
kovovych kablov ako vodi¢ov na medené, zelezné, hlinikové. D4 sa povedat, Ze jeho pojem ,kovovy drot ako
vodi¢ elektrického pridu® je minimalne na urovni pseudopojmu. Ak vsak tento ziak vie, Ze elektrinu vedi aj iné
latky (voda, kyselina) ama vybudovany pojem ,vodi¢ elektrického pradu“ asponn na trovni vysSieho
pseudopojmu, a potom je pojem ,,kovovy drot ako vodi¢ elektrického pradu* vybudovany uplne.

V zavere treba povedat, ze delenie komplexu a pseudopojmu na dve podirovne je priblizné a nevystihuje vSetky
mozné varidcie vo vyvoji detskych pojmov. NavySe absencia analyzy vyvoja vzhladom na kognitivne,
operacionalne a kontextualne vézby dava tusit, Ze linii a Grovni vyvoja pojmov mdze byt viac.

Vygotského Stadia formovania pojmu ,,vodi¢ elektrického priadu*

Schémy trojuholnikovych modelov pojmu ,,vodi¢ elektrického pradu“ v $tadiu nizSieho a vysSieho komplexu,
nizsicho a vyssieho pseudopojmu a plne vybudovaného pojmu st na obr. 2.1 az 2.5. Na schéme 2.6 je znazorneny
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trojuholnikovy model pojmu ,,latka®, ktory je nadradeny plne vybudovanému pojmu ,,vodi¢ elektrického pradu®,
kdezto u pseudopojmov a komplexov chyba.

Obr. 2.1: Trojuholnikovy model komplexu ,,vodi¢ elektrického prudu“ skratene ,,vodi¢*

Model znazoriiuje pojem v §tadiu niZSieho komplexu. Pravouhlé oblzniky (boxy) znazoriiuju
komponenty pojmovej $truktary (C — jadro pojmu, mnozina S1); &iarkované obdizniky znazoriuju
subsystémy (vyznam a zmysel), ovalne obrazce znazornuji designaty a predstavy denotatov*, Sipky
znazoriuju vizby medzi prvkami pojmovej §truktury, bodkovany obdiznik znazorfiuje cely pojem ,,vodié
elektrického prudu“. Bodkociarkovany box S1 a bodkociarkovanad linka vyjadrujuca zmyslové vézby
vyjadruje fakt, Ze komplex nemusi mat’ vybudovany zmysel.

Jadro C pojmu ,,vodi¢*/
,»vodi¢ elektrického prudu‘:
—slovo W ,,vodi¢*

Zmysel S pojmu ,,vodi¢* (pozri aj text po obrazkom):
— kontextualne vizby (mbzu aj chybat)

T
b |
| o —_——— e — e — —.

c f¢«--—-—-—--- .|_i.@YSlQ‘L§‘EZPY___.,I S1 — priradené pojmy, ] :
M —vyznam | kontextualne I ktoré mozno zmysluplne I |
poymu | ! spéjat’s jadrom C. . :
| — i — — — —_
- 1
=777 N I
|
|
|
|
|
|
|
[ﬁarovka] [kébel] [ém’lra, zvuk, svetlo ] M2 — designaty

4 . M3 — predstavy
predstava | | predstava || predstava svietiaceho predstava denotatov
ziarovky drotu nednu vo vybojke Snury, zvuku

\

Jadro C nizSieho komplexu ,,vodi¢ elektrického pradu® (skratene ,,vodi¢®) je tvorené slovom ,,vodi¢*.

Imagina¢ny reprezentant u niz$ieho komplexu este nie je vytvoreny. Zastupuje ho nepresna a netiplna
predstava napr. elektrického kébla, Sniry — prototypu, ktory ma aj nespravne ¢rty. Podl’a nich dieta
zarad’'uje do vyznamu aj denotaty, ktoré nespadadaju pod oznacenie ,,vodic¢ elektrického prudu®, napr.
povraz, $niru, ktoré mu tvarom pripominaji vodic.

Komplex nema nadradeny pojem.

Zmysel S nizSieho komplexu ,,vodi¢ elektrického pradu® moze byt’ tvoreny:
— kontextualnymi vizbami na pojmy ,tiect™, ,,ziarovka®, ,batéria“, ,.elektricky obvod®, atd’., ak ziak chape
a vie povedat’: ,,Vodi¢om ide prad.” ,,Vodice spajaju ziarovku, batériu a vypinac¢ v elektrickom obvo-

de.”. Tieto kontextualne vizby vSak mozu aj chybat’, pretoze ziak vie povedat’ iba: ,,Drotom tecie prud.
alebo ,,Ziarovku, batériu a vypinaé v elektrickom obvode spajajii droty.“. Vtedy pojem ,,vodi&* este nema
vybudovany zmysel — je to znazornené bodkociarkovanym boxom S1 a §ipkou znazoriiujucou zmyslové
vazby. Zmysel maju vybudovany (nie vzdy) iba podradené pojmy — designaty.

— Kovalitativne vdzby na potencialne kvality — ,,pevny®, ,.kvapalny*, ,,plynny* nie su vybudované.

— Atributivna vdzba na termin ,,voI'né elektrické Castice* nie je.

Vyznam M komplexu méa vybudované nanajvys dve vyznamové roviny: rovinu M2 designatov a rovinu M3
konkrétnych predstav denotatov. Ziak este nerozlisuje medzi referentmi a designatmi a ma ich zaradené

v rovine M2. Niektoré predstavy denotatov sa viazu priamo na jadro a k niektorym designatom si ziak
nemusi vybavit’ predstavu. Vo vyzname su aj nespravne designaty, napr, zvuk, signal, $nura a pod.
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Obr. 2.2: Trojuholnikovy model komplexu ,,vodi¢ elektrického prudu* skratene ,,vodi¢*

Model znazoriiuje pojem v §tadiu vysSicho komplexu. Pravouhlé obiZniky (boxy) znazoriiuju
komponenty pojmovej struktary (C — jadro pojmu, mnozina S1); &iarkované obdizniky znazoriuju
subsystémy (vyznam a zmysel), ovalne obrazce znazornuji designaty a predstavy denotatov, Sipky
znazoriuju vizby medzi prvkami pojmovej $truktury, bodkovany obdiznik znazorfiuje cely pojem ,,vodié
elektrického pradu*.

Jadro C pojmu
,,vodi¢ elektrického prudu‘: Zmysel S pojmu ,,vodi¢* (pozri aj text po obrazkom):
—slovo W ,,vodi¢* — kontextualne vizby

— imaginacny reprezentant

Cc e | zmyslové vizby »| S1—priradené pojmy,

pojmu

spajat’ s jadrom C.

|

|

4 A |

M — vyznam | kontextualne ktoré mozno zmysluplne | |
|

|

|

med’, hlinik

[iiarovka] [kébel] elektrolytyJ
/3

predstavy predstavy || predstava svietiaceho predstava kyseliny
Ziaroviek drotov neoédnu vo vybojke v akumulatore

denotatov

|
|
|
|
N | M3 — predstavy
|
|
|
|

p213

Jadro C vyssieho komplexu ,,vodi¢ elektrického pradu® (skratene ,,vodi¢®) je tvorené slovom ,,vodi¢*
a imagina¢nym reprezentantom — predstavou konkrétneho vodica napr. predstava kabla, drotu atd’., ktory je
prototypom s prevazne spravnymi ¢rtami.

Komplex nema nadradeny pojem.

Zmysel S komplexu ,,vodi¢ elektrického pridu® je tvoreny:
— kontextualnymi vizbami na pojmy ,,ist*, ,tiect™, ,,ziarovka®, ,batéria“, ,,elektricky obvod®, atd’, t.j. ziak
vie povedat’: ,,Vodicom ide prud.“ ,,VodiCe spajaju ziarovku, batériu a vypinac (v elektrickom obvo-

de).”“. Rozumie tomu, Ze prud ide od zdroja k ziarovke len vtedy, ked’ je kébel pripojeny k ziarovke aj ku
zdroju. Nemusi vSak e$te mat’ predstavu uzavretého obvodu ako podmienky pre vznik elektrického pra-
du. Cuduje sa, ked’ mu Ziarovka nesvieti, pretoze ju pripojil k zdroju iba jednym kablikom.

— Kvalitativne vdzby na potencialne kvality — ,,pevny®, ,.kvapalny®, ,plynny* nie su vybudované.

— Atributivna vézba na termin ,,voI'né elektrické ¢astice™ nie je.

Vyznam M komplexu ma vybudované nanajvys dve vyznamové roviny: rovinu M2 designatov a rovinu M3
konkrétnych predstav denotatov. Student este nerozliSuje dosledne medzi referentmi a designatmi a ma ich
zaradené v rovine M2. Niektoré predstavy denotatov sa viazu priamo na jadro.
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Obr. 2.3: Trojuholnikovy model pseudopojmu ,,vodi¢ elektrického prudu“ skratene ,,vodi¢*

Model znazoriiuje komplex v §tadiu niZSieho pseudopojmu. Pravouhlé obizniky (boxy) znazoriuji
komponenty pojmovej Struktiry (C — jadro pojmu, mnozina S1); &iarkované obdizniky znazoriiuji
subsystémy (vyznam a zmysel), ovalne boxy zndzoriuju referenty, designaty a predstavy denotatov*, Sipky
znazoriuji vizby medzi prvkami pojmovej Struktary. Bodkociarkované ovalne boxy a Sipky znazoriuju,
ze prislusné podradené pojmy ako aj zmyslové vézby na potencialne kvality nemusia byt vybudované.
Bodkovany obdiznik znazortiuje cely pojem ,,vodi¢ elektrického pradu®.

Jadro C pojmu Zmysel S pojmu ,,vodi¢* (pozri aj text pod obrazkom):
,,vodi¢ elektrického pradu‘: — kontextualne vizby,
— slovné spojenie W — kvalitativne vazby na pojmy:
,,vodi¢ elektrického prudu* »pevny*,  kvapalny®, ,plynny*
— imaginacny reprezentant /./
r F—_ 1
P [ zp&slové vizby / - — |
< 7 kontextualne -~ 7| S1—priradené pojmy, :
<« ktoré mozno zmysluplne |
spajat’ s jadrom C. :
e ___ 5 - _____ |
! N\ w ¥ O~ K i
: % M1 — referenty
| o
| |
' |
I .
|| med’ Zelezo atd’ i M2 — designaty
1N J |
! |
| A
|~ N :
I| predstava me- || predstava predstava predstava svietiaceho | M3 - Predstavy
: denej tyce, etc. | | kébla kyseliny nednu vo vybojke etc. denotatov
|\ J |

Jadro C pseudopojmu ,,vodic elektrického pradu® (skratene ,,vodi¢*) je tvorené slovom ,,vodic®, resp.
slovnym spojenim ,,vodi¢ elektrického pridu® a imagina¢nym reprezentantom, ktorym méze byt
predstava konkrétneho vodica napr. predstava kovového kabla, drotu s izolaciou, alebo bez nej atd’.
Pseudopojem este nema viazbu na nadradeny pojem.

Zmysel S pseudopojmu ,,vodic¢ elektrického pridu® je tvoreny:

— kvalitativnymi vdzbami na potencidlne kvality — ,,pevny®, ,kvapalny®, ,,plynny*, ktoré rozdelia mnozi-
nu elektrickych vodicov na vodice pevné, vodice kvapalné a vodice plynné. Ak referenty nie st plne
vybudované pojmy, pojem vodica elektrického pradu nema potencialne kvality plne vytvorené. Je to
znazornené bodkociarkovanymi Sipkami.

— kontextualnymi vizbami na pojmy ,.tiect™, ,,ziarovka®, ,,batéria“, ,elektricky obvod* ,,zdroj prudu®,
»akumulator atd’., pretoze Student vie povedat: ,,Vodi¢om te¢ie prad.” ,,Vodi¢e spajaju ziarovku, ba-
tériu a vypinac v elektrickom obvode.*.

— Atributivna vizba na termin ,,voI'né elektrické ¢astice™ este nie je. Studenti nevedia sformulovat’ defini-
ciu ako napr. ,,Vodic je latka, ktora obsahuje vol'né elektrické castice.

Vyznam M pseudopojmu nema Uplne vybudované vsetky tri vyznamové roviny M1, M2, M3 — je to
znazornené chybajucimi alebo bodkociarkovanymi boxmi. Okrem toho Student eSte nema jasnu hierarchiu
referentov, designatov a denotatov a nedostatocne medzi nimi rozlisuje, takze niektoré designaty nie st
podradené referentom, ale viazu sa priamo na jadro, aj niektoré predstavy denotatov nie st podradené
designatom, takze sa viazu sa priamo na jadro.
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Obr. 2.4: Trojuholnikovy model pseudopojmu ,,vodi¢ elektrického prudu“ skratene ,,vodi¢*

Model znazoriiuje komplex v $tadiu vysSieho pseudopojmu. Pravouhlé obdizniky (boxy) znazorfiuja
komponenty pojmovej Struktiry (C — jadro pojmu, mnozina S1); ¢iarkované obdizniky znazoriiuji
subsystémy (vyznam a zmysel), ovalne boxy zndzoriiuju referenty, designaty a predstavy denotatov®, Sipky
znazoriuju vizby medzi prvkami pojmovej truktiry. Bodkovany obdiznik znazoriuje cely pojem ,,vodi¢
elektrického pradu.

J adrO_ C pojmu Zmysel S pojmu ,,vodi¢“ (pozri aj text pod obrazkom):
,»vodi¢ elektrického pradu®: — kontextudlne vizby,
- SIOVI.lé spojenie W — kvalitativne véizby na pojmy:
,»vodi¢ elektrického pradu* pevny*, . kvapalny®, . plynny*
— imaginacny reprezentant /

| zpayslové vizby | - — I
) C I Zkontextudlne /| S1 - priradené pojmy, :
M — Vyznam Kvalitativie / kt(zfe mozno zmysluplne |
pojmu | spajat’ s jadrom C. |
I I
— o ____ I
. — S\ AR |
: kovy elektrolyty ] % MI — referenty
|
|
|
: 4 \4 I
| e N e N | : ;i
|| med Zelezo atd’ kabel ] kyselina, voda... 0 [vzduch] i M2 — designaty
I . J/ . J/ I
: v A !
Ve “ N “ :
|| predstava me- || predstava || predstava predstava svietiaceho | M3 - Predstavy
: denej ty¢e, etc. | | kabla vody, kyseliny nednu vo vybojke etc. denotatov
I\ J J J |

Jadro C vyssieho pseudopojmu ,,vodi¢ elektrického pradu® (skratene ,,vodi¢®) je tvorené slovom ,,vodi¢*,
resp. slovnym spojenim ,,vodi¢ elektrického pradu®. Imagina¢nym reprezentantom pseudopojmu méze byt
predstava konkrétneho vodica napr. predstava kabla, drotu atd’.

Pseudopojem este nema vizbu na nadradeny pojem.

Zmysel S vyssieho pseudopojmu ,,vodic¢ elektrického pradu je tvoreny:

— kvalitativnymi vdzbami na potencidlne kvality — ,,pevny*, , kvapalny®, ,,plynny*, ktoré rozdelia mnozinu
elektrickych vodicov na vodi€e pevné, vodice kvapalné a vodice plynné. Ak referenty nie su plne vybu-
dované pojmy, pojem vodica elektrického pradu nema potencialne kvality plne vytvorené.

— kontextualnymi vizbami na pojmy ,tiect™, ,,ziarovka“, ,batéria“, ,,elektricky obvod®, atd’., pretoze mo-
zeme povedat’: ,,Vodi¢om tecie prad.© ,,Vodice spajaji ziarovku, batériu a vypinac v elektrickom obvo-
de.”.

— Atributivna vdzba na termin ,,vol'né elektrické Castice* eSte nie je. Studenti nevedia sformulovat’ defini-
ciu ako napr. ,,Vodic je latka, ktora obsahuje voI'né elektrické castice.*

Vyznam M vyssieho pseudopojmu ma prakticky uplne vybudované vsetky tri vyznamové roviny M1, M2,
a M3. Student ma hierarchiu referentov, designatov a denotatov; takze pripojenie designatov priamo na
jadro je zriedkavé.
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Obr. 2.5: Trojuholnikovy model pojmu ,,vodi¢ elektrického pradu“ skratene ,,vodic*

Model znizoriiuje plne sformovany pojem. Pravouhlé obizniky (boxy) zndzoriiuji komponenty
pojmovej $truktary (C — jadro pojmu, mnozina S1, SC — nadradeny pojem); &iarkované obdizniky
znazoriuju subsystémy (vyznam a zmysel), ovalne obrazce (boxy) znazornuju referenty, designaty
a predstavy denotatov*, $ipky znazorfiuju vizby medzi prvkami pojmove;j §truktary, bodkovany obdiznik
znazoriuje cely pojem ,,vodic¢ elektrického pradu®.

latka — material % SC — nadradeny pojem
/.
Zmysel S pojmu ,,vodi¢* (pozri aj text pod obrazkom):
Jadro C pojmu — atributivna vézba na ,,vol'né elektrické Castice®,
,,vodi¢ elektrického pradu‘: — kontextualne vézby,
— slovné spojenie W — kvalitativne vdzby na pojmy:
,,vodi¢ elektrického prudu” »pevny“, kvapalny®, , plynny*
—ikon
—_—— [ R EEE——————, 1
I zmySlové vizby |
C | 7atributivna | S1-—priradené pojmy, |
M —vyznam D /— kontextualne .| ktoré mozno zmysluplne :
pojmu | — kvalitativne spajat’ s jadrom C. |
|
|

ionizované plyny

% M1 — referenty
|

J

7 T\ |

|

|

|

|

|

I 1\

I . , Y C , — desiena

| [med’ zelezo hlinik atd Zeravy neon ... atd i M2 — designaty
: & J (. J |

| A :

I e N — N

| [ images of wires etc. ] predstava kyseliny predstava svietiaceho | M3 — predstavy
: v akumulatore etc. nednu vo vybojke etc. denotatov

| - J L )|

Jadro C pojmu ,,vodi¢ elektrického pradu* (skratene ,,vodi¢®) je tvorené slovom ,,vodi¢®, resp. slovnym
spojenim ,,vodi¢ elektrického pradu®. Tento termin nie je fyzikalnou veli¢inou, takze nema symbol.
Imaginacny reprezentant ma u plne vytvoreného pojmu tvar == ¢o je elektrotechnickd znacka
vodica.

Zmysel S pojmu ,,vodic¢ elektrického pradu® je tvoreny:

— atributivnou vdzbou na termin ,,voI'né elektrické Castice®. V definicii ,,Vodi¢ je latka, ktora obsahuje
vol'né elektrické Castice. je ,,latka“ nadradeny pojem, termin ,,voI'né elektrické castice* je atribut.

— kvalitativnymi vdzbami na potencidlne kvality — ,,pevny*, , kvapalny®, ,,plynny*, ktoré rozdelia mnozinu
elektrickych vodicov na vodice pevné, vodice kvapalné a vodice plynné.

— kontextualnymi vizbami na pojmy ,.tiect™, ,,ziarovka®, ,batéria“, ,.elektricky obvod®, atd’., pretoze mo-
zeme povedat’: ,,Vodi¢om tecie prad.© ,,Vodice spajaji ziarovku, batériu a vypinac v elektrickom obvo-
de.”.

Vyznam M plne vytvoreného pojmu ma tplne vybudované a hierarchicky usporiadané vsetky tri vyznamo-
vé roviny M1, M2, a M3.
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Obr. 2.6: Trojuholnikovy model pojmu ,latka“, ktory je nadradeny pojmu ,,vodic eletrického
prudu“

Pravouhlé obizniky (boxy) znazoriiujii komponenty pojmovej $truktiry (C — jadro pojmu, mnozina S1);
giarkované obdizniky znazoriuji subsystémy (vyznam a zmysel), ovalne obrazce znazoriuji referenty, $ipky
znézoriuji vizby medzi prvkami pojmovej §truktiry, bodkovany obdiznik znazoriiuje cely pojem ,vodié
elektrického pradu.

Jadro C pojmu , latka* Zmysel S pojmu ,,latka* (pozri aj text po obrazkom)
—slovo W, latka*

— imaginat chyba

vadivy, nevodivy, polovodivy

jucimi k elektric-
kej vodivosti

fm————— = ———————————— -
|
| . .
— : . |
) | zmyslové viizby S1 prlrad’ene pojmy: I
M — ¥ : D | —atributivne ~ hmotnost '
- vyzamove C |« : - — pojmy tvoriace kontext vo vypovediach ||
pole tvorené — kontextualne . . I
. . . — — potencidlne kvality
pojmami referu- | — kvalitativne :
! |
|

[létky vodivé — vodice [létky nevodivé — izolanty ] [polovodiée] | MI1.1 — referenty

|
v\ i
[kovy] [ elektrolyty] ionizované [ dielektriké] [plyny ] MI.2 — nizSie

referenty

plyny

Jadro C pojmu ,,latka* je tvorené slovom ,latka“. Pretoze ,.latka“ je vysoko abstraktny pojem na formalne;j
arovni, v jadre uz imaginaény reprezentant obvykle nie je.

Zmysel S pojmu ,,latka“ je tvoreny:

— atributivnou viazbou na pojem ,,hmotnost™, pretoze latka je forma hmoty, ktord ma (nenulovi pokojovi)
hmotnost’ na rozdiel od pola, ktoré je tiez formou hmoty s nulovou pokojovou hmotnostou. V definicii
»Latka je forma hmoty, ktora ma (nenulovi pokojovi) hmotnost’.* je ,,hmota“ pojem nadradeny
a ,hmotnost™ je atribut.

— kontextualnymi vdzbami na pojmy ,,je*, ,,sklada sa“, ,,rozny*, ,,molekula®, ,,atom®, ,,forma‘ atd’. pretoze
mdzeme povedat: ,,Latka sa sklada z molekul.“, , Tieto latky su vodivé.”, , Latka je forma hmoty.*

— kvalitativnymi vidzby na potencidlne kvality — ,,vodivy®, ,,nevodivy*, ,,polovodic®.

Do vyznamovej roviny M1.1 patri aj referent “plazma”, ktory sa v modernej fyzike poklada za Stvrté
skupenstvo hmoty.

Vo vyznamovom poli nie s znazornené nizsie vyznamové roviny M2 a M3, ktoré st sti¢ast'ou vyznamu.

Vyznam M pojmu ,,latka” ma aj iné vyznamové pole, ktoré je tvorené pojmami ,,pevné latky*, , kvapaliny*
a,,plyny“.
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4. Vyvojové urovne matematickych a fyzikalnych pojmov

Trojuholnikovy model Struktiry pojmu popisuje vo vSeobecnosti zédkladné prvky a vdzby pojmovej Struktary.
Jednotlivé pojmy externych aj internych pojmovo poznatkovych systémov vSak nemusia v konkrétnych pripadoch
obsahovat’ vSetky prvky svojej Struktury, ¢o sa prejavuje predovsetkym pri vyvoji vedeckych pojmov v historii
vied aj v edukacnom procese. Analyza historického vyvoja externych pojmovo poznatkovych systémov viedla
k rozliSeniu viacerych vyvojovych trovni pojmov vo fyzike a matematike (pozri obr. 3). Niektoré z tychto urovni
boli rozpoznané pri §tidiu pojmov u ziakov zékladnej Skoly a Studentov gymndzia (Tarabek, 2005a, Tarabek
2007a, 2007b). Urovne pojmov popisované v d’alsom texte maju rozne charakteristiky v zavislosti od toho, aku
vyvojovu liniu sledujeme. Doposial’ boli studované tri vyvojové linie:

1. vyvoj externych pojmovo-poznatkovych systémov vo fyzike,
2. vyvoj pojmov v matematike,
3. vyvoj internych pojmov u deti a Studentov v jazykovom prostredi predSkolskej vychovy a Skolskom prostredi.

Z tohto dovodu boli prvé dve vyvojové urovne pojmov oznacované roznymi nazvami, ktoré zodpovedali ich
charakteristickym znakom. V tejto $tidii sa pokusime terminoldgiu zjednotit’, priCom povodné nazvy
ponechavame ako lokalne nazvy pre jednotlivé linie vyvoja.

Primitivna uroven pojmov
Primitivna droven pojmov zodpoveda primitivne-empirickej irovni pojmovo-poznatkovych systémov.

Primitivne-empiricka Uroven externych pojmovo-poznatkovych systémov (EPPS) je troven poznania
vychadzajuca priamo zo sktsenosti, kde pozndvanym univerzom je realita. Mnozina pojmov je tvorend siborom
malo diferencovanych konkrétnych pojmov na nizkej Grovni abstrakcie s dominantnymi vyznamovymi vdzbami.
Pojmy este netvoria hierarchizovany systém. Mnozina vztahov Re je tvorena suborom evidentnych empirickych
skusenosti — zovSeobecneni tried konkrétnych pozorovanych a vnimanych faktov. Fakty sa tykaju pozorovanych
javov, ich priebehu, vlastnosti, stvislosti a pod. ako aj vlastnosti objektov. Takato tirovein EPPS je prva uroven
spontanneho empirického poznavania prirody, ktoré eSte nemozno oznacit’ za vedecké, umoznuje vsak zakladnu
orientaciu vo svete a usmeriiuje tym chovanie poznavacich subjektov. Primitivne-empirickd uroven existovala
v zaciatkoch vyvoja I'udskych spolocenstiev.

Snaha cloveka pomenovavat’ veci viedla k tomu, Ze spociatku nepomenované predstavy objektov, javov, dejov
a situacii dostavali mena, ktoré boli spociatku vlastnymi menami. Neskorsie v priebehu vyvoja pojmov oznacovali
mena triedy denotatov. Imaginacné reprezentanty boli neuplné, nepresné a nevyjadrovali vSetky charakteristické
¢rty danej triedy denotatov. Vzhl'adom na skuto¢nost, ze tieto pojmy vyjadruji prvotné empirické zov§eobecnania
tykajlice sa pozorovanyvh objektov, javov, dejov, mozno ich oznadit' aj ako pojmy na primitivne-empirickej
urovni.

U internych pojmovo-poznatkovych systémov mozno v tejto stivislosti hovorit’ o niz$ej empirickej trovni, ktora
zodpoveda beznej zivotnej skusenosti Cloveka a konkrétne pouzivanému prirodzenému jazyku. V pojmovej
Strukture st dominantné vyznamové vizby na realitu, zo zmyslovych vizieb sa vyskytuju len konktextualne vézby
prirodzeného jazyka a Ciastocne kvalitativne (ostatné vézby len v malom mnozstve). V jadre pojmov su prevazne
neuplné imaginaty a slova, vyskytuju sa aj pripady, ked’ v IPPS st pojmy nepomenované slovami. Skusenosti ako
najniz§ia forma poznatkov maju charakter ¢asopriestorovych vizieb (mnohokrat i nespravnych), d’alej z ostatnych
véizieb sa vyskytuju predovSetkym kauzalne suvislosti, ktoré ¢lovek pozoruje ako prvé najprv v Tudskom
spolocenstve a potom ich premieta do prirody. V mnozine Re st d’alej skiisenosti vyjadrujiice vlastnosti objektov a
dejov — kvalitativne vdzby. Skuasenosti typu lokalizaénych a procesudlnych vizieb sa tykaji rozmiestnenia
objektov okolitého sveta a ich spravania — procesov. Dominantnym pristupom k realite je relacny pristup — t.j.
hl'adanie vzt'ahov, stivislosti medzi objektami, javmi a dejmi.

Matematické pojmy st formované v prostredi prirodzeného jazyka tak, ze dieta pociva pomenovania
matematickych objektov ¢ijavov apriraduje si k nim prislusné predstavy. Pretoze predstavy st dominantné
v uréovani prislusnosti k triede denotatov, mézeme hovorit’ aj o obrazovej trovni vyvoja matematickych pojmov.
Napr. na zaciatku svojho vyvoja je pojem konkrétneho prirodzeného cisla tvoreny predstavou poctu konkrétnych
predmetov, ku ktorej je v mysli pripojeny dvojslovny nazov, napr. ,jeden cukrik” ,dva cukriky“, atd’. Deti
v pociatocnej etape pouzivaju iba tri Cislovky ,,jeden®, ,,dva“ a ,,vela” resp. ,,vSetky, ktoré si pevne spojené
s prislusnym slovom oznacujucim predmet — prst, cukrik, gul'6¢ka — podobne, ako to bolo v prvych obdobiach
vyvoja l'udskej spolo¢nosti. Postupne sa pocet pouzivanych ¢isloviek zvySuje a ich slovné nazvy st schopné
odpojenia od nazvov predmetov, s ktorymi boli povodne spojené. Prejavuje sa to prenaSanim nazvov Cisla aj na
pocty inych predmetov.
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Int Struktiru maja pojmy, ktoré si dieta alebo Zziak/Student osvojuje pri uceni sa jazyku alebo v priebehu
vyucovacieho procesu v tom pripade, ak ucenie nie je sprevadzané dostato¢nou imaginaciou (nie je nazorné).

Ak $tudent Cita ¢i uci sa definiciu nejakého terminu a nema k nemu dostatok nazornych prikladov, pozna sice jeho
nazov, vizbu k nadradenému pojmu i kvality, avSak predstavy priradené k danému nazvu st len neur¢ité, hmlisté.
Vtedy tento jeho pojem nema imaginacny reprezentant, pretoze sa nemal z ¢oho vytvorit’.

Podobne diet’a, ktoré poctva re¢ dospelych, si zapamita dané slovo alebo slovné spojenie v stvislosti s urcitou
situaciou, javom ¢i dejom. Potom zapamétané slovo alebo slovné spojenie pouZije na pomenovanie situdcie, deja,
javu, ktory sa podoba tomu, ktory v suvislosti s danym slovo/slovnym spojenim zaregistroval predtym a takto si
overuje, ¢i je dany nazov spravny. Aj po zafixovani slova/slovného spojenia na urciti predstavu to spociatku este
nie dobre sformovany imaginat, pretoze konkrétne synkretické myslenie dietat’a k nemu pridava aj nespravne
aneurCité Crty. Preto vznikaji pre detska re¢ typické pociatocno ,.detské omyly”, ked je slovo/slovné
spojenie/veta pouzité neprimerane. Dieta po zvladnuti re¢i mdze mat vytvorené k danému slovu mnoho
kontextualnych vizieb, takze ho vie spravne pouzivat — najmi v jazykovom prostredi bohatom na podnety. Jeho
re¢ je rozvinuta, ale predmetny obsah pouzivanych pojmov je chudobny — vo vyzname tychto pojmov je len uzka
trieda denotatov. Tieto pojmy ,tvarom™ pripominaja T — maji Uzku vyznamova oblast’ a Sirokd siet’
kontextualnych vézieb — preto ich mézeme nazvat’ ,,T-pojmy*.

Pojmy na primitivnej urovni formované v prostredi prirodzené¢ho jazyka ¢i vo vyucCovacom procese su
charakterizované slovom ako dominantnym prvkom ich jadra. Preto ich nazyvame slovné pojmy (word concept)
alebo W-pojmy.

Imaginacna drovei pojmov

Empiricka uroven EPPS je v pripade pociatkov extenzivne rozvijanych vednych disciplin charakterizovana
v pojmovej oblasti triedenim rozsiahleho stboru $tudovanych objektov a javov, diferencidciou, klasifikaciou
a zvySovanim Urovne abstrakcie pojmov, vytvaranim hierarchizovaného systému pojmov. Typicky pre prechod
z niz$ej na vyssiu empiricka uroven je triediaci pristup.

V pripade zakladnych vied, ako je napr. fyzika, dochadza k vycleneniu urcitého poctu obecne popisovanych
objektov a javov. Tieto st popisované pojmami, ktoré maju silné vyznamové vizby na realitu, u mnohych pojmov
sa vSak vytvaraji aj zmyslové vizby v plnom rozsahu. Prejavuje sa to u tychto pojmov vytvaranim verbalnych
definicii a operacionalnych priradeni. Studuji sa vietky vlastnosti objektov a dejov, t. j. roziruje sa mnozina
kvalitativnych vézieb a v stvislosti s rozvojom poznatkovej oblasti sa vytvaraji aj kognitivne vazby. Jadro pojmu
je tvorené slovom a imaginatom. Vo fyzikalnych pojmovo-poznatkovych systémoch nazyvame tuto troven aj
empiricka droven pojmov.

V poznatkovej oblasti sa popri relacnom pristupe zacina uplatiiovat’ zakonitostny pristup, t. j. poznavaci subjekt
hlada v skimanom univerze ur€ité zakonitosti. Tieto zékonitosti maju podobu tzv. ,,zdkonov javu®, alebo
empirickych kauzalnych zakonov typu ,,jav—jav® resp. ,,entita—jav. Zakony javu st formulované ako jednoduché
faktualne vyroky popisujuce vlastnosti a chovanie objektov, priebeh javov a pod. U Aristotela su to napr. vyroky
typu ,, Tazké telesa padajii nadol a 'ahké telesa (dym) stiipajii nahor., ,, Telesa padaji nadol tym rychlejsie, ¢im sa
tazsie a tym pomalsie, ¢im je vacsi odpor prostredia (dany vel'kost'ou telesa a hustotou prostredia)“. Je zrejmé, ze
sa jedna o zovSeobecnenie empirickych skusenoti vychadzajice evidentne z priamo pozorovania. Podobne
i zdkony typu ,,jav—jav* resp. ,,entita—jav* st formulované ako jednoduché faktudlne vyroky popisujuce zakonoté
suvislosti medzi vymedzenymi triedami prvkov reality. Typickym kauzilnym zdkonom typu ,jav—jav* je
Théletovo a Anaxagoérovo vysvetlenie zaplav na Nile. Thales (nespravne) tvrdi, Ze ,,pasatne vetry vantce proti
Egyptu zdvihaji vody Nilu, kdezto Anaxagoras vysvetluje, ze ,,Nil stipa v lete, pretoze donho stekaju vody
z topiaceho sa snehu alebo z velkych dazd’ov*. Prikladom kauzalneho zakona typu ,.entita—jav* je Aristotelovo
tvrdenie o ,,sile ako pri¢ine pohybu* (Antologia, 1972). Jedna sa o pohyby tzv. nasilné, pretoze Aristoteles
rozliSuje pohyby na prirodzené a nésilné — zapric¢inené silami. Na empirickej urovni EPPS sa objavuju aj prvé
principy, napr. princip kauzality, ktory je po jeho zvedomeni vychodiskom pre kauzalny pristup k realite.

Na empirickej urovni EPPS st okrem empirickych zakonov budované aj jednoduché verbalne-imagina¢né modely
pozorovanej reality, ako bol napr. Démokritov model prirody zlozenej z atdbmov, Hérakleitov model vesmiru,
model vzniku ro¢nych obdobi a pod. (Svoboda, 1962). Tieto modely maju explana¢nu funkciu, t. j. maju vysvetlit
pozorované javy.

V matematickych pojmoch sa v stvislosti s potrebou ich zapisu pri poctovych ukonoch vytvaraju obrazové formy
sémantického imaginacného reprezentanta — ikony. Preto hovorime aj o ikonickej urovni pojmov. Ikony sa
v priebehu vyvoja rychlo menia na Cislice. Typické ikony predstavuju napr. babylonské ¢islice, ¢islice Mayov, ale
aj geometricky usporiadané obrazce bodiek (koliesok) pouzivané pri vyuovani matematiky v prvom ro¢niku
zakladnej Skoly.
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Imaginacia pri prechode z prvej na druhu Groven vyvoja znamena vytvorenie imaginacného reprezentanta v jadre
pojmu. Imaginacny reprezentant — imaginat je obrazovy prototyp pojmu obsahujtci charakteristické znaky triedy
denotatov. Ma vel'mi dolezita ulohu, pretoze umoziuje spravne pouzivanie pojmu podla charakteristickych ¢ft
prototypu. Preto tieto pojmy nyzyvame aj imagina¢né pojmy (I — pojmy) — image concepts.

(O} 0)

Symbolicka troven pojmov

Symbolicku uroveii dosahuju tie vedecké pojmy na parametrickej irovni externych pojmovo poznatkovych
systémov, ktoré vyjadruju fyzikalne a matematické veliCiny.

Parametricka aroven pojmovo poznatkovych systémov

Parametricka troven externych pojmovo-poznatkovych systémov je charakterizovana predovsetkym tym, ze
prirodné (fyzikalne) zakony su popisované matematickym jazykom ako relaéné resp. funkéné vztahy medzi
(fyzikalnymi) veli¢inami. Zakonitosti, ktoré mali na nizSej — emprickej trovni verbalnu formu, nadobudaju
procesom parametrizacie na tejto Girovni tzv. parametricki formu (Tarabek, 1985) vyjadrent obvykle funkénou
zavislostou F = (hy, hy,....h, ) =0, kde h; (i=1, 2,..., n) su hodnoty parametrov S;, S,,..., S, popisujucich prirodné
javy, procesy, vlastnosti objektov, javov a pod. Na parametrickej tirovni sa priroda stdva pre vedcov univerzom,
ktoré je matematicky popisatelné. Neurcité verbalne pojmy st zamienané za presné, ostré pojmy fyzikalnych
veli¢in (Tarabek, 1988). Typické parametrické fyzikdlne zdkony st napr. Galileiho zdkon vol'ného padu,
Keplerove zakony, Gay-Lussacov objemovy zakon pre plyn, Proustov zdkon o stilych a Daltonov zikon
o nasobnych zlucovacich pomeroch v chémiii atd’. Parametrickd turoven je d’alej charakterizovana skutocnostou,
ze kazdy zo zékonov popisuje uréitl vymedzenu triedu javov a medzi jednotlivymi zdkonmi nie su zatial
suvislosti. Tato uroven napr. dosiahla mechanika pred Newtonom, elektrodynamika pred Maxwellom. Okrem
zakonitostného pristupu, ktory sa prejavuje formulovanim zakonitosti v matematickom jazyku, sa zacina
uplatiovat’ explanaény pristup, ktory vedie k vytvaraniu (konstrukcii) novych pojmov, vizieb, modelov, principov
a zékonov vo forme Ciastkovych hypotéz vysvetlujicich tvar a formu niektorych existujucich zadkonov. Popri
zakonoch v matematickom jazyku existuji na parametrickej urovni aj verbalne formulované zékonitosti —
principy. K parametrickej irovni EPPS neodmyslitel'ne patria aj priestorovo-casové modely skiimaného univerza,
do ktorych su fyzikalne parametrické zakony zasadené.

Vedecké pojmy na parametrickej irovni sa podstatne odliSuji od pojmov na empirickej Grovni. Aby mohli byt
zékonitosti formulované v matematickom jazyku, pojmy sa museli zmenit’.

Procesom idealizacie dochadza k vytvaraniu idealizovanych pojmov (t.j. pojmov referujucich k idealizovane;j
triede denotatov), ktoré umoznuju popis javov prostrednictvom fyzikalnych veli¢in. Takymito pojmami st napr.
draha, rychlost, zrychlenie, ¢as, hmotnost, hybnost’, sila, atd’. Idealizovanymi pojmymi st aj v§etky matematické
veli¢iny.

Procesom idealizacie prechadzaju vsak aj pojmy, ktoré sa netykaju fyzikalnych veli¢in, napr. vo fyzike je to pojem
hmotného bodu, tuhého telesa, taziska atd. V matematike su takymito idealizovanymi pojmami pojmy napr.
geometrické — ,,usecka”, ,,bod”, ,,priamka®, ,,trojuholnik* a pod.

Idealizované pojmy su abstraktnymi myslienkovymi konstrukciami a ich denotatmi st entity, na rozdiel od
pojmov empirickej Grovne, ktoré su zvacsa predmetné, t.j. ich denotatmi st objekty, javy, deje v realite. Neurcito
definované pojmy empirickej Girovne sa na symbolickej tirovni menia na presne definované pojmy prepojené na
iné pojmy presne formulovanymi definiciami.

Symbolizacia pri prechode na symbolickt troveil znamena pripojenie symbolu na jadro. Tyka sa to pojmov, ktoré
su fyzikdlnymi a matematickymi veli¢inami. Preto tieto pojmy nazyvame S—pojmy (symbol-pojmy) — symbol
concepts. Idealizované pojmy na symbolickej urovni, ktoré nie su veli¢inami a oznacuju obvykle idealizované
matematické i fyzikalne objekty, méZzeme nazvat’ nevlastné S—pojmy, pretoze aj tieto pojmy casto maju

124



Educational and Didactic Communication 2007, Vol. 2 — Kognitivna analyza a trojuholnikové modelovanie pojmov

(predovsetkym v matematike) v jadre symboly (napr. oznacenie priamok, tseciek, bodov, uhlov, mnozin a pod.
pismenami).

Strukturalna troveii pojmovo-poznatkovych systémov

Strukturalna troveii externych pojmovo-poznatkovych systémov je charakterizovand vytvorenim komplexnych
Struktar vedeckych poznatkov, ktoré maju formu uzavretych vedeckych teorii vysvetl'ujucich vSetky parametrické
zakony a pravidla objavované v predchadzajucej etape na parametrickej urovni pozndvania. Mechanika napr.
dosiahla $trukturalizaéna troveii Newtonovou tedriou, elektrodynamika Maxwellovou tedriou. Struktira tedrie
ako sucasti EPPS je tvorena zakladnymi fyzikalnymi principmi, zdkonmi zachovania, zakladnymi rovnicami, ktoré
su zasadené do prislusného fyzikalneho modelu reality (napr. Newtonov model absolitneho priestoru, ¢asu
a hmotnosti vyjadrujicej nemenné mechanické vlastnosti telies a sily posobiacej okamzite na dialku, t. j. Sirenie
silového pdsobenia nekoneénou rychlostou; alebo ,,axwellov model éteru. Dalej je §truktara EPPS tvorena
deduktivnymi vézbami na odvodené fyzikalne zakony a pravidla, na fyzikdlne rovnice popisujice priebeh
konkrétnych javov. Na Strukturaliza¢nej Grovni nemozno eSte hovorit o interpretaciach teorie, ale iba o jej
aplikaciach. Prechod medzi parametrickou a Strukturalizatnou uroviiou moézeme charakterizovat ako
Strukturalizaciu auplatiuje sa pri tom explanaény pristup, t.j. ide o vysvetlenie celej triedy zékonitosti
objavenych na predchadzajucej irovni na zaklade nejakého obecného principu, zakona resp. obecnej tedrie.

Na strukturalnej irovni EPPS sa idealizované pojmy parametrickej urovne dotvaraju do kone¢nej podoby, ktora je
charakterizovana moznost'ou odpajania vyznamovych rovin od jadra. V $truktire pojmu sa stavajii dominantnymi
zmyslové vizby zaclenujiice pojem do Strukturalnej siete vedeckej teorie. Mysel” je schopna operovat’ s pojmom
prostrednictvom zmyslovych vizieb v ramci Struktury IPPS aj bez pouZzivania jeho vyznamu.

Procesom ideacie sa vytvaraji aj nové pojmy — idey potrebné ako stavebné kamene novej tedrie. Takymto
pojmom je napr. pojem energie v mechanike, ,.entropia®“ v termodynamike, pojmy operatorov v kvantovej
mechanike a pod.. Dalej sti¢astou tedrie sa stavaju matematické pojmy — idey, ktoré vystupujii v zakladnych
zakonoch (napr. pojem derivacie, integralu, rotacie, divergencie a pod.).

Formalna droven pojmov

Formalna idrovei externého pojmovo-poznatkového systému je dosahovana po dlhom procese vyvoja prislusnej
fyzikalnej teoérie. Vychodiskom byva matematicky formalizmus teorie, ktord je vSak viazana na predmetné
priestorovo-¢asové modely skiimaného univerza atym je nazorna. Ak matematicky formalizmus prislusnej
fyzikalnej tedrie nevyhovuje, vyuziju sa iné matematické formalne teérie. Dosiahnutim urovne formalizacie sa
fyzikalna teodria stava nezavislou na nazore a formalizmus umoziuje riesSit’ a skimat’ aj také problémy, ktoré sa
nazoru nepristupné. Formalna fyzikalna teéria je nadradena fyzikalnym tedridm s predmetnym obsahom, ktoré
boli sformulované na Strukturalnej Grovni itedriam, ktoré boli jej rozpracovanim. Je to logicky konzistentna
axiomatizovana teoria, u ktorej predmetny obsah nie je podstatny ani potrebny. Typickd pre formalnu tedriu je
moznost’ rdznych interpretacii smerom do reality. Cistou formou tedrie na formalizaénej Grovni si matematické
formalne tedrie, ktoré nie s viazané na predmetny obsah, umoziluju celd radu interpretacii, z ktorych sa niektoré
v procese fyzikalneho poznavania ukézali ako realne.

Vedecké pojmy formalnych teorii na formalizacnej urovni st procesom formalizacie zbavené ich predmetného
obsahu, t. j. ich intenzia straca povodné vyznamové vizby smerom do reality a zostavaji len zmyslové vizby.
Preto tieto pojmy nazyvame formélne pojmy — formal concepts.

Formalne pojmy ako idealizované pojmy a idey bez fixnych vyznamovych vézieb umoziuju vytvarat viaceré
vyznamové interpretacie, t. j. viaceré subory vyznamovych vézieb, ktoré vSak nie st trvalou stéastou tychto
terminov ako je to napr. u polysémantickych pojmov s viacerymi vyznamami tvoriacimi vyznamové pole.
Formalna fyzikalna alebo matematicka tedria potom moéze popisovat viaceré modely fyzikalnej reality alebo
matematického univerza, ktoré sa stavaju reprezentaciami teérie (Voight, 1981).
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WISF—urovne vyvoja vedeckych pojmov

Vyssie popisané irovne vyvoja pojmov popisuju vyvojové trovne pojmov v rameci poznavaciecho procesu vedy
a suCasne mozné vyvojové urovne vedeckych pojmov pocas individualneho poznavacieho procesu edukanta
v ramci edukécie a ucenia. Podla zaCiatocnych hldsok terminov ,,Word concept®, ,Image concept®, ,,Symbol

concept® a ,,Formal concept™ ich nazveme WISF—urovne vyvoja pojmov a proces ich vyvoja WISF—proces.

1. Primitivna (obrazova) troveil pojmov zodpoveda primitivne-empirickej irovni pojmovo-poznatkovych sys-

témov.

2. Imagina¢ni uroven dosahuji pojmy na empirickej arovni pojmovo-poznatkovych systémov.

3. Symbolicki uroven dosahuji pojmy na parametricko-symbolickej tirovni pojmovo-poznatkovych systémov

a dotvara sa na Strukturalnej durovni.

4. Formalnu drovei moézu pojmy dosiahnut’ uz na Strukturalnej irovni pojmovo-poznatkovych systémov,
obvykle ju dosahuju aZ na formalnej irovni pojmovo-poznatkovych systémov.

Schéma na obr. 3 ukazuje prehl'adny popis WISF—vyvojovych Grovni matematickych a fyzikalnych pojmov

obsahujuci iba popisy jadra a vyznamu.

Obr. 3: WISF—urovne vyvoja matematickych a fyzikalnych pojmov v procese edukacie

Urovne fyzikalneho/matematického pojmu

1. Primitivna uroven

Pojem je tvoreny slovnym nazvom W — jadrom
viazanym na konkrétne predstavy.

2. Imaginac¢na urovei

Jadro pojmu je tvorené slovom a imagina¢nym/
/ikonickym reprezentantom I (imaginatom/ikonom),
ktory zobrazuje zakladné znaky pojmu.

Vyznam je tvoreny va¢$im mnozstvom konkrétnych
predstav a ich vézbami na jadro.

Tvar pojmu — vyznam

jadro = slovo F
konkrétne predstavy ;

jadro = slovo +
imaginat/ikon

konkrétne
predstavy

3. Symbolicka uroven

Jadro pojmu je tvorené slovom, symbolom S
a imagina¢nym/ikonickym reprezentantom.

Vyznam je tvoreny podradenymi pojmami, konkrétnymi
pojmami, predstavami a ich vézbami na jadro.

Jadro je schopné odpojenia od univerza konkrétnych
predstav.

jadro = slovo + symbol +

imaginat/ikon
/ \
predstavy // \\
priradené // \\
k jadru pojmu / \

4. Formalna urovern

Jadro formalneho pojmu — F-pojmu je tvorené slovom
a symbolom (obsahuje aj imaginat/ikon, je vSak
nepodstatny); jadro je odpojené od univerza konkrétnych
predstav a mysel’ s nim operuje uplne samostatne.

Pojem moze mat’ viacero vyznamov, ktoré su dané
interpretaciou prislusného jadra do reality (moze to byt
aj imaginarna realita).

Jadro = slovo + symbol +
(imaginat/ikon)
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WISF—irovne vyvoja pojmu ,,sila*

1. Primitivna droveii pojmu ,.sila” sa vytvara na primitivne-empirickej Grovni pojmovo-poznatkového systému.
Pojmy na tejto urovni vychadzaju z konkrétnej empirickej sktisenosti dietata a ¢loveka pri pozorovani javov
alebo prezivani situacii, pri ktorych st prislusné objekty ¢i javy pomenovavané (dospelym, kamaratom, star§im
stirodencom,...). Deti na tejto Grovni vi¢inou nevedeli priamo odpovedat’ na otazku, ,,Co je to sila?“. Vedeli
vSak odpovedat’ na otazku: ,,Kto je silny?“ — ,velky chlapec®, ,,motor auta®, ,,vel’ky ujo®, ,,otec’, ,kon“. Na
otazku ,,Preco je silny?* odpovedali: ,,Ten chlapec, lebo ma bije (nepremézem ho).“, ,,Otec ma zdvihne.“, ,,Au-
to je tazké a motor ho t'aha. Ja ho neviem potlacit’.” (Tarabek, 2007d).

Obr. 4.1: Trojuholnikovy model komplexu ,,sila® na primitivnej arovni

Pravouhlé obizniky (boxy) znazoriiujii komponenty pojmovej §truktary (C — jadro pojmu, mnozina S1);
giarkované obdizniky znazorfuju subsystémy (vyznam a zmysel), ovalne obrazce znazoriuju designaty
a predstavy denotatov*, §ipky znézorfiuju vizby medzi prvkami pojmovej $truktiry, bodkovany obdiznik
znazoriuje cely pojem ,.sila“. Model znazoriiuje pojem ,,sila“ formovany ako nizsi komplex.

Jadro C pojmu ,,sila*: Zmysel S pojmu ,,sila* (pozri text po obrazkom)
—slova W ,,silny — sila* — kontextualne vézby a primitivne operacionalne vdzby
— imaginacny reprezentant

C | zmyslové véizby S1 — priradené pojmy,

pojmu

spajat’ s jadrom C.

|

|

7 A |

M — vyznam | kontextualne ktoré mozno zmysluplne | |
|

|

|

—_—_——————eeee e —

N
[vel’k}'/ chlapec] [Vel’ky ujo] [otec M2 — designaty
J/

( ( . M3 — predstav
predstavy predstavy velkych chlapcov, predstava vcely, ktora denoteﬁov Y
motorov vel'kého uja, silného otca pichnutim spdsobi bolest’ |

N N~ |

Jadro C komplexu ,,sila“ je tvorené slovom ,,sila* alebo ,,silny* (alebo dvojicou ,,sila — silny*)
a imaginaénym reprezentantom — predstavou silného ¢loveka alebo silného stroja, ktory dokaze urobit’,
posunut’ to, ¢o slaby ¢lovek ¢i diet'a — respondent nedokaze.

Zmysel S komplexu ,,sila — silny* je tvoreny:

— kontextualnymi vazbami na pojmy ,,tazky®, ,tahat™, ,tla¢it™, ,,dvihat™, ,pracovat™, ,bit* atd’.,

— primitivnymi operacionalnymi vézbami na pojmy ,,slaby®, ,,velky*, pretoze deti ,,definuju* napr. ,,Ujo je
silny, lebo je velky.*, ,,Otec je silny, lebo nie je slaby — zdvihne tazky batoh.*.

Vo vyzname M komplexu ,,sila — silny* st predmety, osoby, zvierata reprezentujlice prejavy sily — pojem je
chéapany ako vlastnost’ ¢loveka, zvierata, stroja, ktory urobi, tlaci, taha, zvihne, postiiva nieco, o dieta
nedokaze. Dokumentuju to napr. odpovede: ,,Silny je kon, o taha voz..“, ,,Motor (auta) je silny, lebo tlaci
tazké auto., ,,Silny je moj otec, ktory ho (slabSieho chlapca) zbije za to, ze mi vzal loptu.”, Vo vyzname su
aj nespravne designaty stvisiace so strachom, bolest'ou; deti napr. uvadzali aj odpovede ,,Silny je pes od
susedov, lebo hryzie a bojim sa ho., ,,Slaba je macicka, tej sa nebojim., ,,Silna je vcela. Pichla ma a bolelo
ma to.” (Tarabek, 2007d)
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2. Imaginac¢na (empiricka) uroven pojmu ,,sila* sa formuje na empirickej urovni pojmovo-poznatkového systé-
mu. V priebehu $kolského vyucovania sa pojem sily formuje na druhom stupni zakladnej Skoly (grade 6, 7
and 8) obvykle ako komplex alebo pseudopojem. Ukazeme si plne vytvoreny pojem sily na empirickej Grovni
tak, ako ho chapal Aristoteles — tzv. aristotelovskl Groven pojmu ,,sila“. Aristoteles v suvislosti z v§eobecnym
principom kauzality ,,vSetko, o sa pohybuje, musi byt pohybované hybatel'om — to kinoyon*, chapal silu ako
pri¢inu pohybu a to nasilného pohybu. RozliSoval totiz pohyby prirodzené — napr. padanie tazkych telies, dvi-
hanie sa l'ahkych telies (dymu) a pohyby nasilné — spdsobené Clovekom, zvieratom, tlakom vody a pod.
U Aristotela je pojem ,,sila* plne formovany (nie je to teda pseudopojem ani komplex) a jeho zakon sily je zo-
vSeobecnenim empirickych skusenosti, podla ktorych sa pohybovali telesd len dovtedy, kym na ne pdsobila si-
la. Ak sila prestala posobit’, telesa sa postupne zastavili. Takéto chépanie sila je z hl'adiska Newtonovej mecha-
niky nespravne (u ziakov to nazyvame miskoncepciou) a na odliSenie od spravnej newtonowskej urovne nazy-
vame imaginacnu uroven Aristotelovho pojmu ,.sila” u aj aristotelovskou tiroviiou (Tarabek, 1988).

Obr. 4.2: Trojuholnikovy model aristotelovského pojmu ,,sila® na empirickej irovni

Model znazoriiuje plne formovany pojem ,sila u Aristotela. Pravouhlé obizniky (boxy) znézorfuju
komponenty pojmovej Struktury (C — jadro pojmu, mnozina S1); &iarkované obdizniky znazorfuju
subsystémy (vyznam a zmysel), ovalne obrazce znazoriiuju designaty a predstavy denotatov*, Sipky
znazoriuju vizby medzi prvkami pojmovej $truktiry, bodkovany obdiznik znazoriiuje cely pojem ,,sila.

pricina % SC — nadradeny pojem

/.
) ) Zmysel S pojmu ,,sila* (pozri aj text po obrazkom)
Jadro C pojymu ssila: — kontextualne véazby,
—slovo W, sila — atributivna vdzba na pojem ,,nasilny pohyb*
— imaginacny reprezentant

|
zmyslové vazby S1 — priradené pojmy, :
— kontextualne ktoré mozno zmysluplne I
|

|

|

— atributivna spajat’ s jadrom C.

Jadro C aristotelovského pojmu ,,sila” je tvorené slovom ,,sila* a imagina¢nym reprezentantom — predstavou
sily ako pric¢iny nasilného pohybu spésobeného ¢lovekom, zvieratom, pridom vody a pod.

Zmysel S pojmu ,,sila — silny* je tvoreny:

— kontextudlnymi vizbami na pojmy ,.hybat™, , tahat™,  tlacit*, ,,dvihat*, atd’.,

— atributivnou a sti€asne operacionalnou vizbou na pojem ,,nasilny pohyb*. V Aristotelovej definicii ,,Sila
je pric¢inou (nasilného) pohybu.“ je ,,pricina“ nadradenym pojmom a ,,nasilny pohyb* atributom sily.

Vyznam M aristotelovského pojmu ,.sila“ je tvoreny designatmi ,.sila cloveka®, ,sila zvierata™ atd’
a denotatmi — konkrétnymi prejavmi sily. Pre nedostatok znalosti o sile neobsahuje triedu referentov.
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3.1 Symbolicka idroven pojmu ,sila“ sa formuje na parametrickej urovni pojmovo-poznatkového systému

a v historii fyziky sa to dialo po¢as obdobia tesne pred Newtonom a po¢as Newtonovych objavov zakonitosti
v klasickej mechanike. Pojem sily a priradené pojmy ,,trenie®, ,,odpor prostredia®, ,,draha®, ,,rychlost™, ,,zrych-
lenie®, ,,hmota“ museli prejst’ procesom idealizacie, aby mohli z nich stat’ fyzikalne veli¢iny. Draha telesa mu-
sela byt popisana krivkou, teda jednorozmernym matematickym objektom. Zmena pohybu (resp. v sti¢asnej
terminologii zmena pohybového stavu) bola indikovand zmenou rychlosti telesa teda zrychlenim, spomalenim
alebo zakrivenim drahy. Rychlost’ a zrychlenie boli popisané matematickymi definiciami. Hmota telesa bola
dana jeho hmotnostou ako fyzikalnou veli¢inou. Okrem toho zname javy — pohyby spomalené, rovnomerné
a zrychlené museli byt’ analyzované z hl'adiska posobiacich sil. Muselo sa prist’ na to, Ze spomal'ovanie pohybu,
potom, Co sila udrzujtca teleso v pohybe, prestala posobit’, je spdsobené trenim ¢i odporom prostredia. Preto sa
zacali sily rozliSovat’ na sily uvadzajtce teleso do pohybu a sily brzdiace pohyb (trenie, odpor prostredia).

Analyza pohybov telies na naklonenej rovine a pri vol'nom pade viedla Galilea Galileiho nielen k formulacii
zakona vol'ného padu ale aj k rozliSeniu pohybov na zotrva¢né — pohyb gul’6¢ky na vodorovnej rovine bez tre-
nia (aj pohyb nebeskych telies po kruznici), zrychlené — pohyb gul'6¢ky na naklonenej rovine smerom nadol
a spomalené — pohyb gul'6¢ky na naklonenej rovine smerom nahor. Nasledne René Descartes definoval zotr-
vacny pohyb ako priamociary a rovnomerny, ktory je mozny len vtedy, ak je odpor prostredia ¢i trenie nulové.
Sucasne si uvedomil, ze casovy ucinok sily (t.j. impulz F. ) je imerny stcinu hmotnosti a rychlosti (t.j. hyb-
nosti m .v). Vyvratil teda Aristotelovo empirické zovSeobecnenie, ze rychlost’ pohybu je imerna posobiacej si-
le.

Newton potom rozsiril Galileiho predstavu zotrvacnosti na vsetky pohyby bez pdsobenia sily a formuloval za-
kon zotrvacnosti. Odpor telesa proti zmene pohybu — jeho zotrvac¢nost’ — sa v newtonovskom ponati dal chapat’
ako zotrvacna fiktivna sila, ktorou sa teleso brani tomu, aby posobiaca sila menila jeho pohybovy stav.
V niektorych pripadoch sa nam zotrvac¢na sila javi ako realna, napr. ak autobus zrychl'uje alebo brzdi (vtedy ci-
time, ako nas zotrvacna sila hodi dozadu alebo dopredu). Rovnako sa nam zotrvacna sila javi ako realna
v otacajucich sa sustavach — na kolotoci, na centrifiige, v odstredivke. V nadvéznosti na to Newton spravne po-
chopil silu ako pri¢inu zmeny pohybu (t.j. pri¢inu zmeny pohybového stavu alebo pri¢inu zrychlenia, spomale-
nia a zakrivenia drahy pohybu) a nie ako pri¢inu pohybu tak, ako ju chapal Aristoteles. ISlo o to, aka je mate-
maticka zavislost’ zmeny pohybu (t.j. zrychlenia) od velkosti a smeru posobiacej sily. Pre formulovanie hypo-
tézy bolo potrebné analyzovat’ pohyby pod vplyvom réznych sil (napr. sil uvadzajucich teleso do pohybu
a brzdnych sil pdsobiacich proti pohybu), preto musel Newton pochopit’ a formulovat’ zdkon skladania sil.
Newton potom spravne predpokladal, ze zmena rychlosti, t.j. zrychlenie je priamo imerné vel'kosti posobiacej
sily (a ~ F) a deje sa v jej smere. Hmotnost’ chapal Newton ako ,,velkost” hmoty telesa* — velic¢inu vyjadrujicu
nemenné mechanické vlastnosti telesa napr. jeho odpor proti zmene pohybu vplyvom pdsobiace;j sily. ISlo len
o0 to, akil matematickl zavislost ma zmena pohybu (indikovand zmenou rychlosti) od hmotnosti telesa. Newton
predpokladal, Ze je to nepriama umernost, t.j. zmena rychlosti @ ~ 1/m, ¢o sa pozorovaniami a experimentmi
potvrdilo. Zlozenim oboch hypotéz bol formulovany druhy Newtonov zdkon F =m . a. *3

Koncepcia sily v Newtonovej mechanike sa zasadne 1isi od koncepcie v Aristotelovej mechanike. Nazyvame ju

O 0 1N Lt h WIN—

newtonovska uroven pojmu sily — newtonovska koncepcia sily. Aby Studenti mohli tato koncepciu pochopit’:

. musia prejst’ idealizaénym procesom vsetky ich ostatné pojmy stvisiace so silou (pozri obr. 4.3),

. musia pochopit’ zakon zotrva¢nosti a podstatu zotrvacnej sily,

. musia rozlisit’ sily na tie, ktoré uvadzaju teleso do pohybu a brzdné sily,

. musia vediet’ analyzovat’ pohyby telesa pod vplyvom sil uvadzajucich do pohybu a sil brzdnych,

. musia teda poznat’ a pochopit’ zakon skladania sil,

. mali by si formulovat’ hypotézy o priamej imernosti ¢ ~ F' a nepriamej umernosti a ~ 1/m,

. mali by pochopit’, Ze zmena pohybu sa deje v smere posobiace;j sily,

. mali by si zostavit’ II. Newtonov zakon na zaklade predchadzajucich poznatkov.

. Aby Studenti pochopili, ze hypotézy je potrebné aj overovat, mozno im ukazat’, ako bola hypotéza F =m . a

testovana vysvetlenim na pohyboch nebeskych telies, k comu je potrebna znalost’ Newtonovho gravitacného
zakona a zékona akcie a reakcie.

Tento postup zabrani pretrvavaniu aristotelovskej miskoncepcie v mysleni Studentov a vytvori spravnu newtonov-
sk troven pojmu sily ako aj dostato¢né porozumenie zakonov Newtonovej mechaniky. Pretoze je dost’ naro¢ny,
v plnom rozsahu je vhodny az na gymnaziu v 10. ro¢niku $kolskej vyucby. Kroky 2 az 6 mézu Studenti absolvovat
uz na nizSom stupni Skoly (napr. 7. ro¢niku), pricom pdjde len o kvalitativne uvahy a na ne nadvdzujice
kvalitativne poznatky.

*3 Popisany postup modeluje vznik II. Newtonovho zakona na zéklade historickej analyzy.
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Obr. 4.3: Trojuholnikovy model newtonovského pojmu ,sila* na symbolickej arovni

Model znazoriiuje plne formovany newtonovsky pojem ,sila“. Pravouhlé obizniky (boxy) znazorfuji
komponenty pojmovej §truktury (C — jadro pojmu, mnozina S1); &iarkované obdizniky znazoriuja
subsystémy (vyznam a zmysel), ovalne obrazce znazoriuju designaty a predstavy denotdtov®, Sipky
znézoriuju viazby medzi prvkami pojmovej $truktary, bodkovany obdiznik znazortiuje cely pojem ,,sila.

pric¢ina % SC — nadradeny pojem

/.
Jadro C pojmu ,,sila*: Zmysel S pojmu ,,sila® je tvoreny mnozinou S1
—slovo W ,sila* a nasledovnymi vézbami (pozri aj text po obrazkom):
— imaginacny reprezentant — kontextualne vizby,
— symbol F — vizby na aktudlne a potencialne kvality,
— atributivna vézba,
— kognitivne vézby.

|

» S1 — priradené pojmy, :

M — vyznam ktoré mozno zmysluplne :
|

|

pojmu

spajat’ s jadrom C.

5 N U I
| |
| |
: sily zotrva¢né ] ﬁ M1 — referenty
| |
|
|
l sila gravita¢na [sila tlakové] [sila t’ahové] sila trenia ] M2 — designaty
|
|
|
' dst
. . , predstavy -
: [ predstavy konkrétnych realnych sil zotrvagnych 15/13 tptredstavy
: il enotatov

Jadro C newtonovského pojmu ,,sila“ je tvorené slovom ,,sila“, symbolom F a imagina¢nym
reprezentantom — predstavou sily vyvolavajicej zrychlenie, spomalenie alebo zakrivenie drahy pohybu.

Zmysel S pojmu ,,sila* je tvoreny:

— kontextualnymi vdzbami na pojmy ,,pohyb resp. pohybovy stav®, ,,zmena*, , posobit™, ,,posobenie®,
Hteleso®, | atd’.,

— kvalitativnymi vdzbami na aktualne kvality ,,vel'kost (sily)*, ,,smer (sily)*, ,,posobisko (sily)*, ktoré
suvisia s faktom, Ze sila je fyzikalna veli¢ina posobiaca na konkrétny fyzikalny objekt,

— potencialnymi kvalitami ,,redlna t.j. gravitacna, tlakova, trenie, odpor prostredia“ a ,,zotrva¢na®, ktoré
delia silu na triedu referentov M1,

— atributivnou vézbou na pojem ,,zmena pohybového stavu®. V newtonovskom chapani, ktoré mozno po-
kladat za definiciu sily: ,,Sila je pri¢inou zmeny pohybového stavu telesa.” je ,,pricina“ nadradenym
pojmom a ,,zmena pohybového stavu‘ atribitom sily.

— kognitivnymi vézbami ,,zrychlenie ¢i spomalenie telesa je umerné posobiacej sile (a ~ F) a deje sa
v smere jej posobenia®, ,,zrychlenie ¢i spomalenie telesa je nepriamo imerné hmotnosti telesa* (a ~
1/m), danymi II. Newtonovym zakonom F = m . a., ako aj opacnou vézbou ,,sila vyvolava zmenu pohy-
bového stavu, t.j. F = a, kde a je vektorové zrychlenie, ktoré méze znamenat zrychlenie, spomalenie aj
zakrivenie drahy telesa®.

Vyznam M newtonovského pojmu ,,sila“ je tvoreny rovinou M1 — referentmi ,,redlne sily* a ,,zotrvaéné
sily, rovinou M2 — designatmi ,,sila gravitaéna®, ,,sila tlakova®, ,sila tahova*, ,sila trenia®, ,,odpor
prostredia® event. ,,sila deformaéna“ a denotatmi — konkrétnymi silami.
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3.2 Symbolicka turoven pojmu ,,sila* na $trukturalnej trovni pojmovo-poznatkového systému reprezentovaného

mechanikou, elektromagnetizmom, jadrovou fyzikou a fyzikou elementarnych ¢astic sa li$i od predchadzajuce-
ho modelu na obr. 4.3. predovsetkym rozsirenym vyznamom, ktory ako vyznamové pole ma viaceré triedy re-
ferentov. S rozsirenym vyznamom sivisi aj roz§irend mnozina vizieb na prislusné potencialne kvality.

Hlavna trieda referentov je tvorend zakladnymi fyzikalnymi interakciami — silami a to silou gravitacnou, elek-
tromagnetickou, slabou interakciou a jadrovou silou (silnou interakciou).

V klasickej mechanike a elektromagnetizme rozliSujeme tieto triedy referentov:
sily realne: posobiace na dial’ku — gravitacné, elektrické, magnetické

a sily posobiace pri dotyku telies — dotykové, napr. tlakova, tahova, sila trenia, odpor prostredia
a sily fiktivne: zotrvacna, odstrediva a Coriolisova sila.

V teoretickej mechanike rozliSujeme napr. vonkajsie sily posobiace na ststavu telies a vnttorné sily pdsobiace
medzi telesami sustavy.

Dal§im rozdielom je zmena pojmu ,sila“ na pojem primarny bez nadradeného pojmu, ¢o je v sulade
s koncepciou modernej fyziky, kde je sila definovana fyzikalnym vzorcom (pozri 4. Formalna iroven pojmu
»sila®). V koncepcii modernej fyziky z konca 20. storocia sa sily posobiace na dial’ku nahradzaju pojmami za-
kladné fyzikalne interakcie.

V modeli na obr. 4.3 st spomenuté len pohybové u€inky sily. Okrem nich k atribatom sily patria aj deformac-
né ucinky sily, s ktorymi suvisia kognitivne vizby na velkost’ deformacie (Hookov zakon).

K atributom sily patria aj pohybové ucinky sily pri rotacnych pohyboch, s ktorymi je spojend operacionalna de-
finicia momentu sily, u€inky sily v kvapalinach a plynoch, s ktorymi je spojend operacionalna definicia tlaku.
Stcasne s tym sa rozsiruje trieda referentov o vztlakové sily pri plavani telies a odporové sily pri obtekani telies
tekutinami.

4. Formalna droveii pojmu ,,sila” sa dosahuje na formalnej urovni pojmovo-poznatkového systému reprezento-

vaného teoretickou mechanikou.

Zaradenie sily do stiboru poznatkov a pojmov ukazeme na priklade gravitatného pola velkého telesa — napr.
Zeme, na ktoru pada vol'nym padom (smerujuc priamo k jej stredu) malé teleso s hmotnost’ou m napr. meteoro-
id, ktory eSte nedosiahol atmosféru, takze jeho pohyb nie je brzdeny. VyuZzijeme pritom iba znalosti stredoskol-
skej fyziky.

Kinetick4 energia padajiiceho telesa £ = %4 m.v* sa pri pade k Zemi stale zvysuje (v = g. je okamzita rychlost
padu, g je gravitacné zrychlenie, ¢ je Cas).

Dosadime za v, potom energia E =% m.g” £ =, g . mg=x . mg , kde x = % gt je draha volného padu (pozri
Zmaturuj z fyziky).

Derivacia kinetickej energie podla drahy xje dE/dx = m.g. Podl'a druhého Newtonovho zdkona na teleso
zrychl'ujice so zrychlenim g posobi sila F = m.g. Plati teda dE/dx = F..

Pretoze podl'a zakona zachovania energie musi byt’ sucet kinetickej £ a potencidlnej energie W telesa konstant-
ny, potencialna energia I meteoroidu klesne presne o tol’ko, o kol'ko sa vacsi jeho kineticka energia. Na teleso
v gravitanom poli teda pdsobi sila F, ktora je rovna diferencialnej zmene potencialnej energie telesa (t.j. suci-
nu gravita¢ného potencidlu a hmotnosti telesa) F' = — dW/dx. Pretoze derivacia dW/dx je zaporna asila F' je
kladna, musi byt’ vo vzorci znamienko minus.

Na podobnom principe je sila definovana v teoretickej mechanike. V elektrickom a magnetickom poli je sila
definovana taktiez fyzikalnym vzorcom.

Sila vo formalnom pojmovo-poznatkovom systéme je teda formalnym pojmom definovanym pomocou inych
pojmov operaciondlnou definiciou. S inymi pojmami napr. s intenzitou, potenciadlom, hmotnostou, zrychlenim
a pod. je sila spojena zmyslovymi vézbami pomocou fyzikalnych vzorcov a v pojmovo-poznatkovom systéme
sa pouziva bez konkrétnej vyznamovej interpretacie. Vyznamovu interpretaciu sila dostava az pri rieSeni kon-
krétnych pripadov.
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5. Kognitivna analyza a trojuholnikové modelovanie Struktiry
pojmov v kurikularnom procese — vyvojové miskoncepcie

Trojuholnikové modelovanie sa méze pouzivat ako jedna z metdd didaktickej analyzy a syntézy predovsetkym pri
transformacii T2 v priebehu didaktickej komunikacie pri tvorbe didaktického systému — zodpoveda tomu
kurikularna transformacia CT2 = konceptualne kurikulum (conceptual curriculum) — zamyslané kurikulum
(intended curriculum) (Zaskodny, 2007).

Trojuholnikové modelovanie mozno vyuzit’ pri kognitivnej analyze internych pojmov u Ziakov a Studentov pocas
transformacie T4 vo vyucovani a na zist'ovanie kvality vystupov edukaéného procesu — implementovaného kuri-
kula a to:
1. na zistovanie $truktiry a Grovne vstupnych pojmov a prekoncepcii edukantov,
2. na zistovanie Struktry a rovne vystupnych pojmov edukantov po ukonceni danej etapy vyucovacieho proce-
su. Model je vel'mi ucinny pri odhalovani pri¢in vzniku miskoncepcii, t.j. chybne vytvorenych pojmov
a poznatkov v priebehu Skolského vyucovania (Adamcikova, Tarabek 2007).

Postup v ramci kurikularneho procesu je nasledovny:

1. Prvym krokom je kognitivna analyza externych pojmov, ktoré maji byt sucastou uciva. Analyzujeme prvky
Struktiry pojmu, priCom ako vzor sluzi trojuholnikovy model pojmu. Kognitivnou syntézou vytvorime troj-
uholnikové modely, ktoré sa mozu 1isit’ v zavislosti od Vygotského stadia formovania pojmu, od WISF—urovne
vyvoja pojmu alebo aj v zavislosti od etapy didaktickej komunikécie pojmu. Pri analyze hl'adame prvky troj-
uholnikového modelu a pri syntéze ich zoskupime do modelu. V tomto kroku pre nedostatok alebo niekedy aj
pre redundanciu informacii vyberanych z externych PPS musime vyuzivat' aj informacie o internych PPS
z kognitivnych vyskumov.

2. Po zisteni Struktiry vybraného pojmu, jeho moznych vyvojovych urovni i moznych foriem pre rézne etapy
didaktickej komunikacie sa v procese kognitivnej syntézy vytvaraji podla vzoru trojuholnikového modelu
konkrétne modely Struktiry pojmu primerané kognitivnej Grovni edukanta. Vytvorené modely sa overuju
aupravuju podla experimentdlnych udajov z kognitivnych testov, z rozhovorov s respondentmi, pripadne
z obrazovych a grafickych vytvorov edukantov.

3. V procese didaktickej syntézy sa konStruuju Struktirne poznatkové jednotky (knowledge objects) ako prvky
didaktického pojmovo poznatkového systému — zamyslaného kurikula. Do nich sa overené modely pojmov za-
pracovavajl.

4. Struktarne poznatkové jednotky st podkladom pre tvorbu truktarnych jednotiek uéiva (learning objects) pocas
transformacie T3 — kurikularnej transformacie CT3 = zamysl'ané kurikulum — projektové kurikulum *4.

*4 Struktiirne poznatkové jednotky sii pojmovo-poznatkové mikrosystémy zahriujuce relativne samostatny kompaktny
podsystém pojmov a poznatkov, ktory je prvkom celého PPS. Po jeho transformacii na §truktirnu jednotku uciva (learning
object) ako sucast’ uciva resp. textu v ucebnici tvori tato relativne samostatnu Cast’ s vlastnym nazvom, napr. v u¢ebnici ka-
pitolu, podkapitolu alebo aktikol'vek €ast’ s vlastnym nazvom (Tarabek, 2007¢). Pri maticovej metéde modelovania Struk-
tury uciva tvori Struktirna jednotka samostatni mikromaticu (Zaskodny, 2007).

Kognitivna analyza a modelovanie pojmu ,,sila*

Tento pojem a poznatky s nim spojené sa ucia od 6. ro¢nika zakladnej Skoly prakticky az po §tvrty rocnik
Stvorro¢ného gymnazia.

Kognitivna analyza a trojuholnikové modelovanie pojmu ,,sila“ je popisané v kapitole 4 v Casti WISF—urovne
vyvoja pojmu ,sila®“. Analyza vyvojovych trovni zistila dve odli§né irovne vytvarania pojmu ,sila“, ktoré boli
zistené aj pri testovani pojmov a poznatkov u ziakov zékladnych §kol a gymnazii:

— Aristotelovsku (staroveki) uroven pojmu ,,sila“ — popisanti na obr. 4.2, tato uroven ako mentalna reprezenta-
cia pojmu ,.sila* a poznatkov s nim spojenych v mysliach edukantov je miskoncepciou;
— Newtonovsku uroveii pojmu ,,sila“ — popisanu na str. 129, 130 a na obr. 4.3.

Na gymnazidch sa uci symbolicka droven pojmu ,,sila® na Strukturdlnej trovni pojmovo-poznatkového systému
reprezentovaného mechanikou, elektromagnetizmom, jadrovou fyzikou a fyzikou elementarnych castic, ktora sa
od newtonovskej tirovne lisi iba rozsahom a absenciou nadradeného pojmu — detaily st uvedené na str. 131.
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V pracach Tarabek,1988, 2005, Tarabkova 1986, Butkova, 1988 st uvedené vysledky testov zameranych na
zistovanie aristotelovskej a newtonovskej urovne. Ako priklad uvedieme vysledky dvoch tiloh, ktoré najlepsie
reprezentuju vyvoj pojmu ,,sila“ pocas vyucovacieho procesu na zakladnej a strednej Skole.

Otazkou ,,Ako sa prejavuje posobenie sily na telesa?* bola testovana kognitivna vazba medzi silou a pohybom
telesa.

Na newtonovskej Grovni ma tato vézba tvar F = a, t.j, ,,sila vyvolava zmenu pohybového stavu telesa
(zrychlenie, spomalenie alebo zakrivenie drahy)®. Na aristotelovskej tirovni ma tato vézba tvar F = pohyb, t.j,
,»sila sposobuje pohyb telesa“.

Stipec 6 — Odpovede boli zaradené do newtonovskej irovne, ak obsahovali aspoi jednu zo zmien pohybového
stavu: zrychlenie, spomalenie, zakrivenie drahy (posledna indikacia sa vyskytovala iba ojedinele).

Stipec 5 — Odpovede boli zaradené do aristotelovskej urovne, ak obsahovali vyjadrenie F = pohyb, popritom sa
niekedy objavili aj vyjadrenia ,,pdsobenie sily sa prejavuje aj uvedenim do pohybu®, ,,Telesa sa zatnu
pohybovat’.“. Ked’ze ziaci v 7. ro¢niku zékladnej Skoly sa ucia, Ze ,,sila ma posuvné ucinky — moze pohyb telesa
urychlit, spomalit’ alebo zastavit* a Studenti v 1. ro¢niku gymnazia sa vyslovne ucia ,,Vysledkom vzajomného
silového posobenia telies moze byt alebo deformacia tychto telies alebo zmena ich pohybového stavu®, boli takéto

odpovede vyhodnotené ako aristotelovské.
Stipec 4 — Samostatne boli vyhodnotené odpovede typu ,,pdsobenie sily sa prejavuje deforméaciou telies”.

Stipec 3 — Ako nespravne resp. neprimerané boli vyhodnotené tie odpovede, ktoré sice z fyzikalneho hl'adiska
mohli byt aj spravnymi tvrdeniami, ale na otdzku odpovedali nespravne, napr. ,,sila pdsobi urcitym tlakom®, , sila
sa prejavuje prirastkom energie®, ,.telesa sa pritahuju a odpudzuja®.

Stipec 2 — nulové odpovede — respondenti vobec neodpovedali.
V stipci 1 je uvedeny pocet respondentov v danej vekovej skupine.

Ciselné udaje vo vietkych stipcoch udavaji percentualny podiel odpovedi z poétu respondentov uvedeného

v stipci 1 a zaradenych do prislusnej kategérie a vekovej skupiny. Stipec 1 udava podet respondentov v konkrétnej
vekovej skupine. Stipec 2 udava percentualny podiel nulovych odpovedi (Ziaci neodpovedali) a stipec 3
percentudlny podiel odpovedi nespravnych alebo nezrozumitelnych, ktoré sa nedali z hl'adiska zaradenie do
stipcov 4, 5 a 6 vyhodnotit’.

Tabul’ka 2: Odpovede na otazku ,,Ako sa prejavuje pdsobenie sily na telesa? (Tarabek, 2005)

gislo stipca 1 2 3 4 5 6
vek respondentov pocet nulova nespravna odpoved’ odpoved’ na urovni | odpoved’ na Grovni
resp. odpoved’ odpoved’ ,,deformaciou” aristotelovske;j newtonovskej

Ziaci 6. ro¢nika ZS 370 16,0 % 35,1 % 4,3 % 44,1 % 0,5 %

Ziaci 7. ro¢nika ZS 307 13,7 % 12,4% 15.3% 54,4% 4,2 %

7iaci 8. ro¢nika ZS 264 10,6 % 8,7% 26,3% 51,0% 3,4%
Studenti 1. ro¢. gym. 209 7,6 % 2,5% 2,9% 54,5 % 32,5%
Studenti 2. ro¢. gym. 221 4,4% 2,7 % 4,4% 63,4 % 25,3 %
Studenti 3. ro¢. gym. 115 2,6% 0,9 % 2,6% 65,2 % 28,7 %
Studenti 4. ro¢. gym. 187 2,7 % 2,1 % 4,3% 63,6 % 27,3 %

Ulohou ,,Dokreslite vietky posobiace sily na obrazku!“ bola testovana kognitivna vizba medzi pohybom telesa
a silou. Text k obrazku: Gul'6¢ka sa kotul'a doprava po hladkej vodorovnej ploche rovnomernym priamociarym

pohybom. O

Stipec 6 — Na newtonovskej urovni $tudenti bud’ nakreslili iba tiazovu silu F, smerom dolu alebo silu F smerom
doprava a rovnaku treciu silu F; smerom dol’'ava alebo obe moznosti. Sily ¢asto aj oznacili symbolmi.
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Stlpec 5 —Na arlstotelovskéy urovni Studenti nakreslili len silu v smere pohybu, len silu trenia alebo nakreslili obe
sily ale rézne vel'ké. Ak dokresl’ovali aj tiaZzova silu, nemalo to vplyv na zaradenie do tejto skupiny rieSeni.

-Q .0 0

Stipec 3 — Studenti do obrazku iba dopisali nazov sily, napr. ,zotrvacna sila®, ,trecia sila“, ,,zotrvacnost™.

Stipec 2 — Studenti Gilohu nevyriesili — sily do obrazku nenakreslili ani nevpisali.

Ciselné udaje vo vietkych stipcoch udavaji percentualny podiel odpovedi z poétu respondentov uvedeného

v stipci 1 a zaradenych do prislusnej kategérie a vekovej skupiny. Stipec 1 udava podet respondentov v konkrétnej
vekovej skupine. Stipec 2 udava percentualny podiel nulovych odpovedi (Ziaci neodpovedali) a stipec 3
percentualny podiel odpovedi nespravnych alebo nezrozumitel'nych, ktoré sa nedali z hl'adiska zaradenie do
stipcov 4, 5 a 6 vyhodnotit’.

Tabul’ka 3: RieSenia tilohy ,,Dokreslite vSetky pdsobiace sily na obrazku!* (Tarabek, 2005)
&islo stipca 1 2 3 4 5 6
vek respondentov pocet nulova verbalna odpoved’ na tirovni | odpoved’ na trovni
resp. odpoved’ odpoved’ aristotelovske;j newtonovskej
Ziaci 6. ro¢nika ZS 370 332 % 18,1 % 46,5 % 22%
Ziaci 7. ro¢nika ZS 307 20,8 % 24,8% 41,0% 13,4 %
Ziaci 8. ro¢nika ZS 264 21,6 % 9,1% 61,7% 7,6 %
Studenti 1. ro¢nika gymnazia 209 3,3% 2,9 % 72,2 % 21,6 %
Studenti 2. ro¢nika gymnazia 221 0,0% 2,7 % 67,8 % 29,5 %
Studenti 3. ro¢nika gymnazia 115 2,6 % 1,8 % 67,8 % 27,8 %
Studenti 4. ro¢nika gymnazia 187 2,1 % 0,6 % 86,1 % 11,2 %

Vyvoj pojmu ,sila* — prechod z imagina¢ne—empirickej (aristotelovskej) urovne na
symbolicku (newtonovski) uroven

Vyvojové trendy pojmu ,sila“ apoznatkov snim spojenych by sa dali charakterizovat’ popri postupnom
narastani celkového objemu znalosti tym, ze znalosti zodpovedajuce aristotelovskej (starovekej) urovni
myslenia, ktoré mozno oznacit' ako miskoncepcie, neklesaju, ako by sa dalo ocakavat’, ale naopak rastl a vyrazne
prevazuji nad spravnymi znalostami newtonovskej turovne. Podobné vyvojové trendy boli zistené aj
v rieSeniach d’alsich tloh (Tarabek, 1988)aj vinych pracach (Hejnova, 1984, Nachtigall, 1981), pricom
miskoncepcie tohto druhu boli napr. zistené aj v mysleni 49% Studentov ucitel'skych smerov (s jednou aprobaciou
na fyziku) na MFF UK (Tarabek, 1988). Podobné vysledky tykajuce sa miskoncepcii Studentov s fyzikalnym
zameranim na zaciatku univerzitného §tadia boli zistené aj v inych pracach (detaily v Adaméikova, Tarabek,
2007). Novsie vyskumy miskoncepcii (Hestenes at all, 1992, Sharma, 2007) iba potvrdzuju, Ze situacia v tomto
smere sa prili§ nezmenila.

Aristotelovska tdroven myslenia v mechanike je prirodzend, pretoze vychadza z beznej skusenosti ¢loveka,
ktory pozorované javy zovseobeciiuje a vytvara si prvé primitivne empirické zakonitosti.

134



Educational and Didactic Communication 2007, Vol. 2 — Kognitivna analyza a trojuholnikové modelovanie pojmov

Prechod na newtonovski troven ktory je sticasne prechodom zempirickej na parametricki az §trukturalnu
uroven pojmovo-poznatkového systému Studenta si vyzaduje kvalitativnu zmenu myslenia, pri ktorej pévodné
pojmy a poznatky musia prejst’ komplexnou rekonstrukciou.

Aby sa v mysleni Studentov mohol vytvorit’ plnohodnotny PPS na parametrickej urovni, ktory je v mechanike
reprezentovany newtonovskou koncepciou, je potrebné postupne realizovat’ viaceré myslienkové kroky: Studenti
. musia v pojmovej oblasti prejst’ procesom idealizacie pojmov,

. musia pochopit’ zékon zotrvacnosti a podstatu zotrvacne;j sily ako sily zdanlivej v neinercidlnych sustavach,

. musia rozlisit’ sily na tie, ktoré uvadzaju teleso do pohybu a brzdné sily,

. musia vediet’ analyzovat’ pohyby telesa pod vplyvom sil uvadzajucich do pohybu a sil brzdnych,

. v suvislosti s predchadzajucim krokom musia poznat’ a pochopit’ zdkon skladania sil,

. mali by si formulovat’ hypotézy o priamej imernosti a ~ F' a nepriamej imernosti a ~ 1/m,

. mali by pochopit’, Ze zmena pohybu sa deje v smere posobiacej sily,

. mali by si zostavit’ II. Newtonov zakon na zaklade predchadzajtcich poznatkov.

O 033N b W~

. Aby Studenti pochopili, Ze hypotézy je potrebné aj overovat’, mozno im ukazat,, ako bola hypotéza F =m . a
testovana skiimanim a vysvetl'ovanim pohybov nebeskych telies, k ¢omu je potrebna znalost’ Newtonovho gra-
vitatného zakona a zékona akcie a reakcie.

Pretoze tento postup je dost’ naro¢ny, v plnom rozsahu je vhodny az na gymndaziu v 10. roéniku Skolskej vyucby.
Kroky 2 az 6 moézu Studenti absolvovat uz na nizSom stupni Skoly (napr.7. ro¢niku), pricom pdjde len
o kvalitativne Givahy a na ne nadvézujuce kvalitativne poznatky.

Vyvoj fyzikilnych pojmov z hP’adiska Vygotského Stadii

V pracach Tarabek 1988, 2005, Tarabkova 1986, Butkova 1988, Miciuchova 1988 boli realizované testy, ktoré
skiimali formovanie niektorych pojmov z hl'adiska Vygotského $tadii — komplexu a pseudopojmu, a to v priebehu
Styroch rokov gymnazia. Vysledky pre termin ,,vodi¢ elektrického pridu“ st uvedené v tabulke 1 na str. 114,
dalsie vysledky pre fyzikalne pojmy elektricky prid asila st v dodatku 1 na str. 142. Boli skimané aj d’alSie
pojmy (napétie, zotrvacnost’, trecia sila).

Ukazalo sa, ze i ked’ percentualny podiel nulovych a uplne nespravnych odpovedi s vekom respondentov klesa,
podiel komplexného S$tadia pojmu v priebehu Styroch ro¢nikov gymnazidlneho vyucovania sa priliS nemeni
(niekedy narastd, niekedy klesa, niekedy je zmena nevyraznd). Podiel stadia pseudopojmu ma tendenciu rast, nie
vSak vo vSetkych pripadoch. Zarazajuci vSak bol percentudlny podiel plne formovanych pojmov. Nezavisle na
tom, aky pojem bol skiimany, §tddium plne formovaného pojmu dosahovalo v poslednom ro¢niku gymnazia
radove percenta (okrem pojmu ,,vodi¢ elektrického pradu — 12%). Znamena to, ze vyucovanie ma sice pozitivny
vplyv na budovanie pojmov, avSak vicSina Studentov opusta stredntl Skolu s fyzikalnymi pojmami, ktoré su na
urovni komplexu az pseudopojmu, teda netiplného Stadia pojmu.

Mozno konstatovat’, Ze vyvoj pojmov zakonite prebieha Vygotského Stadiami. Preto komplexy a pseudopojmy
nie s nedostatkom v pojmovom mysleni, ak su len prechodnymi $tadiami. Ak su vSak koneénymi etapami vyvoja
pojmu (Co u Casti absolventov gymnazia mozno predpokladat’), potom sii pojmovymi miskoncepciami.

Riesenie problému pojmovych miskoncepcii si vyZaduje kognitivnu analyzu klI'ai¢ovych pojmov uciva, ktoré su
obvykle na vyssej urovni abstrakcie a narocnejsie na osvojenie. Nasledné postupy rieSenia problému zatial’ neboli
realizované a budi predmetom d’al$ich stadii.

Kognitivna analyza a modelovanie pojmu ¢isla

Pojem ¢islo sa zacina ucit’ v prvom ro¢niku zékladnej $koly, pricom deti do $koly vstupujii uz z istou predstavou,
ktora moze byt viac ¢i menej adekvatna. Rozsah tohto pojmu sa potom rozsiruje prakticky pocas celého §tadia na
zékladnej a strednej skole. Napriek zdanlivej jednoduchosti pojmu ,,¢islo” sa v iom a v pojmoch s nim spojenych
skryvaju uskalia, ktoré zakladaju vytvaranie miskoncepcii nielen pojmu ¢isla ale aj pojmov s nim spojenych. Preto
tu ukaZeme postupy kognitivnej analyza a modelovania aj na pojme cCisla a stiCasne v ramci didaktickej analyzy
ukéazeme pric¢iny vzniku miskoncepcii.

Ako prvy krok urobime analyzu externého pojmu. V odbornej, didaktickej a ucebnicovej literature ndjdeme
definicie, ¢i vysvetlenia prirodzen¢ho cisla (pozri citdcie CO1 az C10 v dodatku 2) asyntézou vytvorime
trojuholnikové modely, ktoré sa mozu lisit’ v zavislosti od etapy didaktickej komunikacie pojmu (Adamcikova,
Tarabek, 2007). Pri analyze hl'adame prvky trojuholnikového modelu a pri syntéze ich zoskupime do modelu.
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Obr. 5.1 Trojuholnikovy model vedeckého pojmu ,,¢islo“ — faza FO didaktickej komunikacie — Struktara
pojmu zodpoveda formalnej Grovni vyvoja pojmov (pozri obr.3)

jadro C pojmu: Zmysel S pojmu ,,(kardinalne) ¢islo* je tvoreny vdzbami na
— symbol A terminy ,,mnoZina, ekvivalencia mnozin, rovnost’ (Cisel)* a na
—slovo ,.kardinalne ¢islo” axiomy teorie mnozin event. Peanovej axiomatickej tedrie.
: el i Matematicky pojem vo formalnej matematickej
. JPiat teorii vyznamovu zlozku M nemd. Mozeme ju
.- vytvorit’, ak interpretujeme pojmy teoérie do
M n nejakého modelu reality — ¢iarkované linky.

Obr. 5.2 Trojuholnikovy model externého pojmu ,,¢islo* vo faze F1 didaktickej komunikacie — Struktira
pojmu zodpoveda symbolickej Grovni vyvoja pojmov (pozri obr.3)

Jadro C pojmu ,,¢islo*: Zmysel S pojmu ,,Cislo® (pozri aj text pod obrazkom):
—symboly 1, 2,3, 1,538, 0,3333..., atd’. — kvalitativne vézby na pojmy ,,zaporny*, ,,realny®, ...
—slovo ,,¢islo” — atributivna vizba na ,,prvok'mnoziny<,”
v v ., . /o , " vy ree
— predstava poctu prvkov, mnozstva — kognitivne véizby na , plas®, ,,=", ,,vlﬁnus , 5 Vacsl, ...
— kontextualne véizb/y/na ,,Vel’ky“/,fmaly“, ... atd’

prirodzené ¢islo

nula ’ zaporné ¢islo ’ [ realne ¢islo komplexné ¢islo

! referenty
I TN
1 2 3 4 ad 12 3 4 atd | designaty

[

Zmysel S pojmu ,,Cislo® vo faze F1 didaktickej komunikacie je tvoreny:

— aktualnou kvalitativnou vizbou na termin , &islica®. Cislo sa da vyjadrit’ &islicami.

— kvalitativnymi vizbami na potencidlne kvality — terminy ,,prirodzeny, nula, zdporny, redlny a pod.; ktoré
rozdelia mnozinu Cisel na ¢isla prirodzené, nulu, Cisla zaporné, celé, racionalne, redlne, komplexné a pod.

— atributivnou vézbou na termin ,,pocet prvkov mnoziny*, ak uvazujeme prirodzené ¢isla. V definicii ,Cislo
vyjadruje pocet prvkov mnoziny.“ je pojem ,,pocet nadradeny. Pre ostatné ¢isla by to azda mohol byt’
pojem ,,mohutnost’ mnoziny*.

— kognitivnymi vdzbami ¢isel na pojmy ,,nasledovnik®, ,s¢itanie”, ,,plus (+)*, ,,rovna sa (=), ,,od¢itanie,
»minus®, , nasobenie®, , krat”, ,,va¢si“, ,,mensi* atd’. Tieto pojmy v sebe obsahuju zakddované pravidla
matematickych operacii s ¢islami. Napr. kognitivne vizby cisel na ,,+“ a na ,,=" znamenaju, ze pri zadani
dvoch konkrétnych ¢isel, ktoré treba scitat’, vieme na tieto ¢isla pouzit’ primeranti operaciu, ktorou do-
siahneme vysledok — sticet. Ak mame scitat’ 8 a 5, vieme, ze k ¢islu 8 musime pridat’ 5 (nie 5 odobrat’
alebo ho nim nasobit’), resp. za zapisom ,,8 + 5° nasleduje ,,=* a za tym vysledok, t.j. § + 5 =13.

— kontextudlmymi vizbami na pojmy ,,velky*, ,,maly*, , Statisticky*, ,,mysliet™, ,,pisat* a pod., pretoze

mdbzeme povedat: ,,vel'ké ¢isla®, Statistické ¢islo®, ,,Mysli si ¢islo!*, ,,Napi§ ¢islo tri!*
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Druhy krok: Pojem ,Cislo” je sucastou obsahu uciva v prvom roc¢niku 7S — poznavanie &isel, &isloviek
a pocitanie. Model externého pojmu ,&islo* pre 1. ro¢nik ZS zodpovedajici fiaze F2 sa vytvara v ramci
transformacie T2 (tvorba didaktického systému), pri ktorej sa prispésobuje vedecky pojmovo-poznatkovy systém
kognitivnej trovni ziaka (Adamcikova, Tarabek, 2007). Preto bude tento model zavisiet od toho, aku kognitivnu
uroven mdze dosiahnut’ pojem ,,Cislo” u ziakov vekovej kategorie 5 — 7 rokov. Musime teda vediet, ako vyzera
Struktara interného pojmu ,,Cislo* prislusnej vekovej kategorie deti a poznat’ predchadzajici vyvoj tohto pojmu.
Struktaru pojmu ,,prirodzené &islo® u deti predskolského veku a v 1.roéniku ZS ukazeme nasledovnymi modelmi

naobr. 5.3,5.4,5.5.

Obr. 5.3 Trojuholnikovy model interného
(mentalneho) pojmu ,,2° na primitivnej Grovni

Obr. 5.4 Trojuholnikovy model interného
(mentalneho) pojmu ,,2* na ikonickej urovni

Jadro pojmu
—slovo ,,dva“

Pojem ,,dva“ na empiricke;j
urovni zmysel este nema *4.

Vyznam pojmu je tvoreny predsta-
vami: dve jablkd, dva cukriky,

dve deti i ia pod.

V prvej etape vyvoja dietat’a (najskor v tretom roku
zivota) sa v jeho mysli zacinaju vytvarat’ pojmy Cisel
»jeden,  dva“,  vela“ (slovom ,vela“ oznacuje dieta
vsetky pocty objektov, ktorych je viac nez dva a nevie
ich spocitat’) podobne ako v ranych §tadiach vyvoja
Pudskej spolo¢nosti (Tarabek, 2007a).

*5 Zmysel na primitivnej a ikonickej Girovni sa moéze vytvo-
rit’ vizbou na pojmy ,,menej“ a ,,viac*, ak dieta ,,vie,
ze ,,dva je viac nez jedna®, ,,dva je menej nez tri“ atd’.

Jadro pojmu
—slovo ,,dva“
—ikon e e

Stcastou zmyslu mézu byt
vazby na pojmy ,,a“, ,.je
,SU%, viac“ a ,menej« *5.

Vyznam pojmu je tvoreny predsta-
vami: dve jablka, dva cukriky, dve
deti, dve Ciarky, dve gulocky, atd’.

// ®0

Ked’ dieta zacina pocitat’ predmety, Coskoro sa dozvie,
ze sa daju scitat’. V predskolskom veku sa to napr.
vyjadruje vetou: ,,Jedno jablko a jedno jablko su dve
jablka., , Styri kocky a jedna kocka je pit’ kociek.,
pri¢om dieta ma predstavu — vie, ze ak prida k jablku
este jedno, bude mat’ dve jablka; ak prida k Styrom
kockam este jednu, bude mat’ pét kociek.

Spojka ,,a“, pojmy ,.je*, ,,su* a ich vizby na Cisla
tvoria zmysel kazdého Cisla, ktoré diet’a vie pripocitat’
k inému ¢islu alebo vie k nemu iné Cislo pripocitat’.

Obr. 5.5: Trojuholnikovy model interného (mentalneho) pejmu ,,¢islo na ikonickej az symbolickej urovni

Jadro C pojmu ,,Cislo*:
—symboly 1, 2, 3, ..., atd’.
—slovo ,,¢islo”

— ikony poctu prvkov

Zmysel S pojmu ,,Cislo® :

— kognitivne vizby na ,,a“, ,je, ,,su*, ,,bez,  vacsi“, ,mensi“, , plus®, ...
— kognitivna vézba ¢isla n na jeho nasledovnika n + 1

— kontextualne vizby na ,,velky*, ,,maly®, ... atd.

YV ree wree

Model sa tyka pojmu ,,¢islo“ u deti pred vstupom
do skoly a v prvom ro¢niku ZS s tym, Ze deti
predskolského veku este nemusia poznat’ Cislice.

Vyznam pojmu ,,¢islo” je tvoreny podradenymi pojmami
vSetkych prirodzenych ¢&isel, ktoré diet’a pozna.

Vyznam pojmu ,,¢islo je d’alej tvoreny predstavami poctu
objektov — az po hranicu kardinality; predstavy st znazorne-
né ikonmi — geometricky usporiadanymi obrazcami bodiek.

% Hranica kardinality je naznacena medzi ¢islom 4 a ¢islom 5.

137




Educational and Didactic Communication 2007, Vol. 2 — Kognitivna analyza a trojuholnikové modelovanie pojmov

Ked’ st deti schopné vytvarat’ si pojmy vyjadrujlice aj vacsie poCty objektov, objavuji sa dva spoésoby budovania

¢iselnych pojmov:

1. Vyznam mensSich ¢isel je tvoreny predstavami poétu prvkov — diet’a si vie predstavit’ jeden, dva, tri, Styri ¢i pat’
predmetov. Pomaha si pri tom napr. prstami, ktoré sa stavaji akymsi vzorom — imaginacnym reprezentantom
(imaginatom). Imaginat umoziuje porovnat’ pocet predmetov s poctom prstov. Diet’a si méze (napr. vplyvom
Skolského vyucovania) vytvorit’ aj ikon — Stylizovan predstavu poctu vyjadrenu napr. geometricky usporiada-
nymi bodkami (obr. 5.3, 5.4, iné formy ikonov st v dodatku — citdcii C11). Pojmy konkrétneho ¢isla, ktoré ma-
ju vo vyzname predstavu urcitého poctu, su pojmy s kardinalnou dimenziou — zjednodusene povedané kardi-
nalne pojmy *6 (obr. 5.6).

2. Diet’a si viak tazko predstavuje podet vys§i nez uréité &islo. Cislo, ktoré si dieta uz nevie predstavit, je za hra-
nicou kardinality a potom si dieta pomaha inak. Do pamiiti si ulozi usporiadanu postupnost’ nazvov ¢isel 1,
2,3,4,5,6,7,8,9, 10, neskorsie aj nazvov Cisel od 11 do 20. Viac nepotrebuje, ak (neskorsie) pochopi pravid-
la pre usporiadanie ¢isel nad dvadsat’. Potom pocet prvkov nejakej mnoziny (pocet predmetov, ktoré ma spoci-
tat’) neur¢uje pohl'adom na mnozinu a porovnanim so vzorom (imaginatom) ¢i ikonom *7, ale postupom, pri
ktorom si na predmety ukazuje prstom a rata ich. Napr. pocet ,,devat’ cukrikov* ur¢i tak, ze si na ne ukazuje
arata ,jeden, dva tri, Styri, pat’, Sest, sedem, osem, devat™.

Pojem vysSieho ¢isla N ma potom vo svojom zmysle vazbu na svojho nasledovnika n + 1. Priradenie ¢isla urci-
tému poctu objektov dieta vykona pomocou operacie ratania od 1 zaloZenej na usporiadanej postupnosti ¢isel 1,
2,3,4,5,6,7,8,9, 10. Takyto pojem Cisla je pojem s ordindlnou dimenziou, zjednodusene povedané pojem
ordinalny *6 (obr. 5.7). Ordinélny pojem ¢isla nema vo svojom vyzname predstavy poctu, v jadre nie je imagi-
nat, ani ikon. Jadro je tvorené iba slovom — nazvom ¢isla, pripadne aj symbolom — ¢islicou.

Obr. 5.6 Trojuholnikovy model interného Obr. 5.7 Trojuholnikovy model interného
kardinalneho pojmu ,,4* na symbolickej Grovni. ordinalneho pojmu ,,8 na symbolickej Girovni.
Model zodpoveda veku 5 — 7 rokov. Model zodpoveda veku 5 — 7 rokov.

Jadro pojmu Stcastou zmyslu st véz- Jadro pojmu Stcastou zmyslu st vizby
—slovo ,,8tyri* by na spojku ,,a*, ana —slovo ,,0sem* na ,a“, je“, . sa“, , viac“,
—ikon ®o pojmy ,,menej*, ,viac*. — Cislica 8 menej“ a na nasledovnika
— symbol — ¢islica 4 osmicky, ktorym je 9.

Vyznam pojmu je tvoreny predsta- | Vo vyzname pojmu predstavy nie

vami: $tyri jablka, Styri deti, Styri | su. Daju sa vSak vytvorit’ *8 napr.

Ciarky, Styri gulocky, atd’. ako geometricky usporiadané
obrazce (C11). Na urcenie poctu

//// e eee (©n P

sa v§ak nepouzivaju.

Kardinélna a ordindlna dimenzia pojmu ¢islo

Pojem ,,¢islo” ma kardinalnu dimenziu, ak v jadre pojmu je imaginat/ikon reprezentujuci pocet, ktory toto ¢islo
vyjadruje. Vo vyzname st predstavy poctu roznych objektov.

Pojem ,,¢islo* mé ordindlnu dimenziu, ak je v zmysle pojmu ¢isla n vézba na jeho nasledovnika n + 1.

Kardinalny pojem cisla ma iba kardinalnu dimenziu, ordindlny pojem ma iba ordinalnu dimenziu. Hranica
kardinality je medzi ¢islom, ktoré si diet’a eSte vie predstavit’ a ¢islom, ktoré si nevie predstavit’.

Modely na obrazkoch 5.3 az 5.7 vytvarame pocas transformacie T2 v priebehu didaktickej komunikacie pojmu.

Potom nasleduje treti krok — vytvorenie modelu externého pojmu ,,¢islo*, ktory ako poznatkova Struktirna
jednotka (knowledge object) bude podkladom pre tvorbu uciva v prvom ro¢niku ZS (faza F2 didakticke;j
komunikacie).
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Obr. 5.8 Trojuholnikovy model externého pojmu ,,Cislo” na symbolickej tirovni vo faze F2 didaktickej
komunikacie, ako podklad pre vyucovanie a tvorbu uc¢iva matematiky na zaciatku 1. ro¢nika zakladnej Skoly.

Jadro C pojmu ,,Cislo*: Zmysel S pojmu ,,Cislo* :

—slovo ,,¢islo” — kognitivne vdzby na ,,a“, ,je, ,,su", ,bez, ,vic¢si®, ,mensi, ,plus®, ...
—symboly 1, 2, 3, ..., atd’. — kognitivna vizba ¢isla n na jeho nasledovnika n + 1

— ikony poctu prvkov — kontextualne vézby na ,,velky®, ,,maly®, ... atd’.

Vyznam pojmu ,,¢islo je tvoreny vSetkymi pojmami
Cl1, C2,C3, ..., Cn, ..., ktoré dieta pozna a d’alej
spoznava. Cn znamena ,,¢islo n* *8.

Vyznam pojmu ,,Cislo” je d’alej tvoreny predstavami
poctu objektov — az po hranicu kardinality; predstavy

Hranica kardinality je posunuta za ¢islo 10 (*9).

_ < st rozliéné a znazornujeme ich ikonmi.
%

*8 Dieta na zadiatku 1. roénika ZS nepozna, ani sa nepotrebuje ugit’ termin ,,prirodzené &isla“. Pod slovo &islo zarad’uje pojmy
,Cislo 1%, ,¢islo 2%, ...., ,,¢islo 107, ¢islo 15, ..., ,,Cislo 20, pripadne d’alSie ¢isla, o ktorych vie, Ze existuji, ale nemusi po-
znat’ ich presny zapis. Pod slovo ,,éislo zarad’uje entity, ktoré vyjadruji pocet nieoho.

*9 Predstavy ¢isel mozno budovat’ pomocou znazorfiovania ¢isel geometrickymi obrazcami (pozri citadciu C11), ¢im sa hranica
kardinality postiva nahor.

*6 Nazov je odvodeny z terminov ,.kardinalne ¢islo* a ,,ordinalne ¢islo®, citacie C06, C09, C10.

*7 UrCovanie poctu prvkov nejakej mnoziny porovnanim so vzorom — ikonom (napr. geometricky usporiadanymi bodkami) ¢i
imaginatom (napr. prstami na ruke) je prakticky nemozné, ak prvky mnoziny nie st tak neusporiadané, ako prvky ikonu ¢i
imaginatu. Preto 'udstvo oddévna pouziva G¢innejsi spdsob — ratanie, ktory vyuziva ordinalnu dimenziu ¢isla. Samozrejme,
pokial’ diet'a nema usporiadanu postupnost’ nazvov ¢isel 1, 2, 3,4, 5, 6, 7, 8, 9, 10, atd’. pevne zafixovanu v pamiti, myli sa
a danému poctu predmetov priradi nespravne cislo.

*9 V praxi si ¢lovek vytvara vyznam ordinalnych ¢isel pomocou modelov: ¢iselna os, bankovky vyjadrujuce ur€ité sumy pefia-
zi, obrazce vytvorené zo Stvorcekov reprezentujucich desiatky (stovky, tisicky atd’.) vytvaraju predstavy velkych &isel,
$pecifické modelové predstavy — vel'kosti znamych objektov (diet’at’a, cloveka, auta, budovy a pod.), rychlosti ur¢itych ob-
jektov (chddza ¢loveka, rychlost’ bicykla, auta, lietadla) atd’. Tym ziskavaju ordinalne pojmy cisla aj kardindlnu dimenziu,
ktoru ¢lovek potrebuje v praxi, napr. ked’ chodec odhaduje rychlost’ auta a jeho vzdialenost’ pred prechadzanim cez cestu,
ked’ vodi¢ potrebuje brzdit’ pred prekazkou; ked’ chlapec odhaduje hibku, do ktorej chee sko¢it’ a pod.

Ordinalny model bez kardinalnej dimenzie zlyhava pri vysokych ¢islach. Prejavuje sa to chybami vo vypoctoch, ktoré ziak
»hevidi*“. Ma napr. z rychlosti lietadla a doby letu vypocitat’ vzdialenost’ z Bratislavy do New Yorku a vyjde mu 683 700
kilometrov namiesto 6 837 km, pretoze sa pri vypocte pomylil o dva rady pri premene jednotiek (prakticka skusenost’ zis-
kana pri vyugovani). Ziak si tato chybu neuvedomi, pretoZe nema nijaki predstavu &isel 7 000 km a 700 000 km, teda jeho
pojem ¢isla 7 000 ani 700 000 nema kardinalnu dimenziu. Tieto predstavy sa vytvaraju pomocou znamych vzdialenosti,
napr. priama vzdialenost’ z Bratislavy do Viedne je asi 60 km, do Prahy asi 300 km, priemer Zeme je asi

12 700 km, obvod Zeme asi 40 000 km, vzdialenost’ Zeme k Mesiacu asi 380 000 km. TakZze ak ma ziak vytvoreny kardi-
nalnu dimenziu vel’kych ¢isel pomocou predstav a porovnavania znamych vzdialenosti a vel'kosti predmetov, vie odhad-
nat, ¢i je jeho vysledok aspoti radovo spravny alebo nie. Kardinalnu dimenziu ¢isel musi mat’ kazdy odbornik, ktory vypo-
gitava rozmery predmetov; architekt (aby vedel, Ze ak mu vyjde priemer nosného stipu 3 cm, je to malo — ma byt’ 30 cm),
technik (aby vedel, Ze hrabka steny kontajnera na naftu musi byt 9 mm a nie 0,9 mm), a pod. Vaznym nedostatkom skol-
skych tloh je napriklad skuto¢nost, ze neucia ziakov odhadovat’ vysledok na zaklade radovych predstav o vysledku, ktory
suvisi s ordinalnou dimenziou ¢isla.
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VyuZzitie trojuholnikového modelovania pojmu ¢isla pri tvorbe uciva a vo vyuéovani
matematiky.

Trojuholnikové modelovanie sa méze pouzivat’ ako jedna z metod didaktickej analyzy a syntézy pri transformacii
T2 v priebehu didaktickej komunikacie. Rovnako ho mézeme vyuzit’ v rdmei vyucovaciecho procesu na zist'ovanie
Struktury internych pojmov u ziakov. Vel'mi U¢inné je pri odhalovani pri¢in vzniku miskoncepcii, t.j. chybne
vytvorenych pojmov a poznatkov v priebehu $kolského vyucovania (Adamcikova, Tarabek 2007). Miskoncepciou
je napriklad neuplne vytvoreny vyznam pojmu ,,rovna sa (=)“. Autor zistil v ramci vyucovania ziakov 2. stupna
Z8, 7e ich pojem ,,=* ma neliplne a nespravne vytvoreny vyznam a chyba mu zmysel. Ziaci chapali ,,= ako znak,
za ktory sa piSe vysledok matematickej operacie a d’alej ako znak, ktory kladieme medzi matematické vyrazy, ak
ich upravujeme. Podobny vyznam tohto pojmu maju aj ziaci 1. rocnika: ,,Za to = piSeme to, ¢o nam vyjde. Chce to
od nas pani ucitel’ka.* Pre deti je to iba znacka, za ktori maji napisat’ vysledok pocitania (Tarabek, 2007a). Zda
sa, ze ziakom a ale aj Studentom strednych $kol chyba spravny vyznam pojmu ,,rovna sa (=) * 10.

Ked'ze diet’a pri vstupe do Skoly eSte nema vytvoreny pojem ,,rovna sa (=), v modeli externého pojmu na obr. 5.8
zmyslova kognitivna vézba ¢isel na ,,=* nie je a diet’a ju ani nepotrebuje.

Na zvladnutie s¢itania a od¢itania stacia dietatu vizby ¢iselnych pojmov na ,,a“ , ,,plus®, ,,bez* (pripadne aj na
»minus®), ,je“ a ,,su“, ktoré pre dieta znamenaju, Ze pri s¢itani sa slovko ,,a* resp. ,,plus“ viaze za prvé Cislo,
potom nasleduje Cislo, ktoré pric¢itame a operaciou naznacenou na obr. 6.1 ziskame vysledok, ktory vyjadrime
vetou: ,,Prvé Cislo“ plus ,,druhé ¢islo“ je ,,vysledok.”. Zmysel pojmu ,,a“ resp. ,,plus® je nasledovny: k prvému
¢islu pridaj (pripocitaj) druhé (ktoré je za ,,a“ resp. za ,,plus®). Zmysel pojmu ,,bez* resp. ,,minus‘ je nasledovny:
od prvého cisla odober (odpocitaj) druhé (ktoré je za ,,bez* resp. za ,,minus®). Zmysel pojmu ,,su*“ resp. ,,je“: je to
slovo, za ktorym vo vete zaradime vysledok s¢itania (nema vyznam rovnosti).

Postupne si diet'a pomocou operacie scitania (a rozkladu) ¢isel vytvara pojem suctu a pomocou operacie odc¢itania
pojem rozdielu (obr. 6.2). Pojmy suctu resp. rozdielu maju vo svojom vyzname predstavu operacie ,k Cislu
apridat’ ¢islo b, resp. ,,0d ¢isla a odobrat’ ¢islo b a predstavu vysledku, ktorym je stet a + b resp. rozdiel a— b

¢

ziskany operaciou pricitania resp. od¢itania. Tieto pojmy nepotrebuju pojem ,,=".

Obr. 6.1 Operacia pricitania ¢isla 4 k Cislu 2 Obr. 6.2 Pojem stctu ,,dva a tri*
resp. rozdielu ,,sedem bez tri” ma vo
2 + 4 je 6 vyzname predstavu ,,pridam 3 ku 2

resp. ,,odoberiem 3 od 7 ale aj
/_)\_\ /—/% predstavu vysledku, ktorym je sucet

(resp. rozdiel) ziskany operaciou

1, 2, 3, 4 pri¢itania resp. od¢itania.
diet’a podita: jeden,dva a  tri, Styri, pat, Sest’ ~
Sest’ je vysledok. 2 +3 7-3

Diet’a prirad’'uje postupnosti 1, 2, 3,4 \—Y—} \—Y—)
5
5

postupnost’ 3,4, 5, 6. Posledné ¢islo je vysledok. 4

Ak napriek tomu pouzivame pri zapise scitania a od¢itania symbol ,,=*, dieta ho moze pochopit’ len ako nédhradu
za slovko ,je“ resp. ,,su", za ktoré vo vete vyjadrujucej s¢itanie resp. od¢itanie napise vysledok.

Preto pojem ,,rovna sa (=) musime najprv vytvorit. Najprv vytvorime jeho vyznam a ¢iasto¢ne zmysel. Potom ho
za¢neme pouzivat’ pri zapise matematickych operacii a tym jeho zmysel rozsirime.

Dieta v predskolskom veku ma vytvoreny len pojem ,,rovnaky“. Znamena to, Ze dve veci sa na seba vel'mi
podobaji — to je jeho vyznam pojmu ,,rovnaky“. Tento pojem nam prili§ pri vytvarani pojmu ,,=* nepomodze,
pretoze ,,veci® na oboch stranach matematického zapisu ,,a + b = ¢ sa vobec na seba nepodobaju.

Postup formovania pojmu ,,=*

Najprv vytvorime modely dvojice pojmov ,,mensi“, ,,vai¢si“ resp. ,,menej*, ,,viac*. V internych modeloch tychto
pojmov ma diet’a predstavy vécSieho, ¢i menSieho predmetu a nie predstavy, ze vicSie Cislo predstavuje viac
prvkov (napr. bodiek v geometrickom zobrazeni Cisla) nez menSie. Lahko to zistime, ked’ detom predlozime
rozptyleni mnozinu bodiek (musia byt dost’ vyrazné, aby dieta ani jednu neprehliadlo) a kompaktni mnozinu
bodiek, ktorych je viac neZ v prvej mnozine. Prva mnozina zabera vacsi priestor na papieri nez druhd, pritom ma
menej prvkov. Napriek tomu deti oznacia prvi mnozinu ako vacSiu. Pojmy ,,mensi®, ,,vic¢si* mézeme vytvarat
pomocou predstav Gseckovych ¢Eisel, t.j. bodiek usporiadanych za sebou do priamej linie, ktoré porovnavame.
Moézeme pouZit’ aj iné spdsoby, propedeutika formovania tychto pojmov je dobre prepracovana. Dalej tieto pojmy
prepojime na Cisla a nau¢ime deti porovnavat’ velkost Cisel.
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Zatym podobnym postupom budujeme pojem ,,=“. R6zne vyzerajucim mnoZzinam s rovnakym poctom tych istych
prvkov priradime ¢islo vyjadrujuce pocet prvkov (tieto postupy sa v prvom ro¢niku bezne pouzivajii); potom vsak
pomocou pojmu ,,rovnaky*, ,rovnako® zavedieme pojem ,,rovna sa“ napr. pomocou viet, ako je tato: ,,Pocet jabik
v modrej debnicke sa rovna poétu jabik v Servenej debnicke.“ a pod. MéZeme si pomdct’ aj Gise¢kovymi &islami,
ktoré zoradia prvky mnoziny tak, aby ich deti mohli 'ahko porovnat’. Takto vytvorime pojem rovnosti nezavisle
od toho, ako vyzera mnozina prvkov, ktorej pocet Cislo vyjadruje. Pritom mézeme Gcinne vyuzit’ pojmy ,,Va¢si*,
»mensi®, | viac“, ,menej“ — detom mdzeme ukazat (alebo aj samé na to pridu), ze ,=" nie je ani ,,viac™ ani
»menej“. Vyznam pojmu ,,=* je potom tvoreny predstavou rovnosti poctu prvkov dvoch mnozin nezavisle na ich
tvare. V zmysle pojmu ,,=* je aj vézba na ,,viac* a ,,menej vyjadrend pochopenim, Ze ,,rovna sa‘“ nie je ani ,,viac*
ani ,,menej“.

Ak dieta ma pojem ,,= uz vybudovany, mézeme vytvorit’ jeho prepojenie na pojmy suctu ,,a + b* resp. rozdielu

»a — b napr. tak, Ze za vyrazy ,,a + b (resp. ,,a — b*) napiSeme znak ,.=" a pytame sa deti, aké ¢islo ma byt na
druhej strane za ,,=. Tym vytvorime kognitivnu vizbu *11 medzi pojmom ,,=* a pojmami ,,a + b* resp. ,,a — b*.

* 10 Autor nezistil tato miskoncepciu iba u ziakov zakladnej $koly (Tarabek, 2007, Inovacie). Je to neuveritel'né, ale ani nie-
ktori Studenti fyziky v prvom ro¢niku vysokej $koly nemali dostatocne vytvoreny vyznam pojmu ,,=* ; mnohi z nich si totiz
neuvedomovali, ze ak ma fyzikalny vyraz na jednej strane rovnice iny tvar nez vyraz na druhej strane, ich ¢iselné hodnoty
aj fyzikalne rozmery sa musia rovnat’. Napr. pri vypocte tepla pomocou kalorimetrickej rovnice Studentovi vysiel po Uprave
rovnice fyzikalny rozmer odli$ny od jednotky energie (jednotka tepla je rovnaka ako jednotka energie). Po upozorneni na
chybu sa opytal: ,,A to sa ma rovnat'?*

* 11 Termin ,.kognitivna vizba“ vyjadruje fakt, Ze tato vdzba medzi dvomi pojmami znamena poznatok. Anicka si napr. uve-
domi, ze ,,=" nie je len znamienko, za ktoré piseme vysledok, ale znamena aj toto: ,,Ak som dostala dva bonbény od tety
a potom tri bonbény od sestry, mam tol’ko bonbdénov ako Janko, ktory dostal naraz pét’ bonbonov od otecka. A moézem to
napisat’ ako 2 + 3 =5.“ Anicka ma nielen spravny vyznam pojmu ,,=“ ale aj pochopila, ze znakom ,,=* méze vyjadrovat’
rovnost’ po¢tu prvkov dvoch réznych mnozin; je to pre fiu poznatok a si¢asne ma v zmysle pojmov ,,stcet* a ,,¢islo* kogni-
tivnu vdzbu na ,,=*.

6. Zaver

Praca predklada teoreticky spracovany kognitivny konStrukt — trojuholnikovy model pojmovej Struktary
a vyvojovych trovni pojmov v externych pojmovo-poznatkovych systémoch vychadzajic z historie fyziky
a prvych vyvojovych etap historie matematiky. Oproti predchadzajicim pracam autora boli dorieSené niektoré
terminologické problémy predovsetkym z hladiska zosuladenia terminoldgie surovilami vyvoja pojmovo-
poznatkovych systémov a terminmi pouzivanymi v kognitivnych vedach.

Trojuholnikovy model pojmu je aplikovatelny aj na interné pojmy. Popisuje Vygotského §tadid formovania
pojmov pocinaju komplexom, pricom bolo rozlisené §tadium nizsieho a vy$sieho komplexu ako aj pseudopojmu.
Stadia komplexu a pseudopojmu boli testovanim zistované na internych pojmoch ,,vodi¢ elektrického pradu,
»elektricky prad* a ,,sila” u ziakov druhého stupiia zakladnych $kdl a Studentov Stvorroénych gymnazii. Autor je
toho nazoru, e §tadia komplexu a pseudopojmu su nutnymi vyvojovymi §tadiami vo formovani pojmov. Ulohou
Skolského vyucovania by vSak malo byt — asponl u kI'i¢ovych pojmov, ktoré si Student ma osvojit’, dosiahnutie
Stadia plne sformovaného pojmu, a to najneskorsie na konci v§obecného vzdelavania. Ukazalo sa vSak, ze vac¢Sina
absolventov gymnazia kon¢i strednu Skolu s fyzikalnymi pojmami, ktoré su na Grovni komplexu az pseudopojmu,
teda neuplného Stadia pojmu.

Trojuholnikovy model pojmu a koncepcia vyvoja externych pojmovo-poznatkovych systémov sa pouzili na
analyzu vyvoja pojmu ,sila” a poznatkov s nim spojenych od staroveku az do obdobia modernej fyziky. Okrem
prvej primitivnej Urovne a poslednej — formalnej tirovne zodpovedajucej teoretickej mechanike boli rozlisené dve
kvalitativne odli§né trovne pojmu ,sila*“: aristotelovskd (empirickd) zadpovedajica koncepcii sily v staroveku
(predovsetkym u Aristotela) a newtonovska (symbolickd) zodpovedajica koncepcii sily u Newtona. Testy
realizované na zistovanie Struktiry pojmu ,sila“ uziakov druhého stupna zakladnych $kol a Studentov
Stvorro¢nych gymnazii ukazali, ze myslenie va¢siny absolventov gymnazia zostava na starovekej — aristotelovskej
urovni, aspon Co sa tyka koncepcie pojmu ,,sila” a poznatkov s nim spojenych. Tato miskoncepcia bola zistena
temer pre tridsiatimi rokmi a ju potvrdzuji aj neskorSie a sucasné vyskumy. Autor predklada na zaklade pojmove;j
a poznatkovej analyzy vyucovaci postup, ktory miskoncepciu starovekej koncepcie sily pomdze prekonat’.

Trojuholnikovy model pojmu sa pouzil aj na modelovanie pojmu ¢isla na réznych urovniach jeho vyvoja
vzhl'adom na aplikéciu v kurikularnom procese. Okrem rozliSenia kardinalnej a ordinalnej dimenzie pojmu ¢isla sa
ukézalo, ze existujuca koncepcia osnov v prvom ro¢niku zékladnej $koly ma jeden vazny nedostatok, ktory vedie
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na vytvaranie miskoncepcie tykajicej sa pojmu ,,rovna sa“ resp. ,,=*. Pre deti je tento pojem znackou =, ktora sa
dava za zapis matematickej operacie a za fiu sa piSe vysledok. Stotoziiuju si ju s pojmom ,,je* teda s prisudkom vo
vete ,,a + b = ¢, teda (vyjadrené prikladom) ,,3 + 4 je 7“. Tato miskoncepcia pretrvava u mnohych Ziakov
a Studentov vel'mi dlho a autor ju zistil nielen u Ziakov druhého stupna zakladnej skoly ale aj u Studentov vysokej
skoly.

Teoreticka koncepcia trojuholnikového modelu pojmu, Vygotského stadii formovania pojmu a vyvojovych Grovni
pojmovo-poznatkovych systémov sa ukdzala ako ucinny nastroj pri kognitivnom modelovani pojmov a poznatkov
v ramci prvych etap kurikuldrneho procesu. Okrem toho sa da vyuzit' v rdmci vyucovacieho procesu pri tvorbe
testov vstupnych i vystupnych znalosti tykajucich sa kvality osvojenych pojmov.

Podnety na zamyslenie

Autor sa stretol pri svojej praci so ziakmi a Studentami, ¢i uz pri vyucovani alebo v ramci testovania vedomosti,
s rtdznymi nau¢enymi nezmyslami a s formalnymi vedomostami, ktoré sa rychlo zabidaju. Odborna literatura
uvadza pod ndzvami prekoncepcie, naive beliefs, miskoncepcie, alternative/student frames, pre-scientific
conceptions, zékovo pojeti uciva a pod. mnozstvo nezmyslov a formalnych vedomosti tykajucich sa temer
vsetkych predmetov. Odpovede, preco tomu tak je, st rozne a tykaju sa viac metodiky vyucovania. Len malo prac
sa venuje tomu, ako skutone vyzeraju pojmy a poznatky ziaka a Studenta — mentalne reprezentacie pojmov
a poznatkov, ktoré s mu predkladané v skole.

Struktarou mentalnych reprezentacii pojmov a poznatkov sa v kognitivnej psycholdgii zaoberali mnohi autori
a viedlo to na modelovanie Struktiry pojmov-poznatkovych systémov, na tvorbu sémantickych sieti, pojmovych
map a pod. Vnutorna Struktiira pojmu ¢i poznatku je zatial’ preskimana len malo.

Kognitivna analyza a trojuholnikové modelovanie pojmov ukazuje, ako asi vyzeraju pojmy a poznatky, ktoré ma
dieta, ziak, Student v hlave. Je to vSak zlozity postup — nie je l'ahké rozlisit’ vSetky zlozky pojmu, vizby na iné
pojmy a spravne ich zaradit. Je to zatial malo pouZivany postup a nie prili§ vyskusany. Casto sa mézeme mylit’
a musime si svoje zavery overovat' experimentalne. Ak to vSak funguje, vysledok je tzasny. ,,Vidime* do mysle
ziaka a Studenta, vidime, Ze to, ¢o do nej vkladdme a ¢o v nej zostane, nie je to, Co by sme tam chceli mat’. Je to
vel'mi dolezité nielen pri vyudovani ale aj pri vytvarani obsahu vyucby. Zial’ nerobi sa to, pretoZe na to vraj nie je
Cas. Ale dieta ma vel'a ¢asu a povécsinou ho ,,vyuzije“ tym, ze don vkladame vedomosti, z ktorych mu vacsina
z hlavy opét ,,vytecie* a mnoho z toho, ¢o mu zostane, je chybné. Takze sa treba nad tym zamysliet’!

Dodatok 1: Vygotského Stadia formovania pojmov v testoch

V pracach Mlcuchova 1988, Butkova 1988 boli realizované testy, ktoré okrem iného zistovali aj Vygotského
Stadia formovania pojmov. Pretoze neboli eSte definované Stadia vyssieho a nizSieho komplexu ¢i pseudopojmu,
v tabulkach su rozliSované len §tadia komplexu, pseudopojmu a pojmu. V jednotlivych tlohéch boli testované iba
niektoré prvky pojmovej Struktary: napr. vyznam (tabulka 1 v kapitole 3), atributy a védzba na nadradeny pojem
(tabul’ka 4, 6, 7), imaginacny reprezentant (tabul’ka 5).

Otazkou ,,Co je to elektricky prad? boli sledované atributivne vizby a vizba na nadradeny pojem. U pojmu
»elektricky prud® je nadradenym pojmom ,,pohyb* a atributmi su dve vlastnosti:

1. musi to byt pohyb volnych elektricky nabitych Castic (je to zakédované v slove ,,elektricky*).

2. musi to byt usmerneny pohyb (je to vyjadrené slovom ,,prad*).

Spravna definicia by mala zniet: ,,Elektricky prud je usmerneny pohyb volnych elektricky nabitych Castic.” Tato
odpoved’ alebo jej varianty vyjadrené konkrétnejsou formou st v poslednom stipci 5 tabulky 4.

Odpovede na tirovni pseudopojmu (stipec 4) sa vyznagovali vizbou na nadradeny pojem, aviak niektory

s atribitov chybal. Napr. ,,Elektricky prud je pohyb voI'nych elektronov alebo idnov.* — tato odpoved’ ukazuje aj
znalost’ dvoch referentov: prudu tvoreného elektronmi aj pradu tvoreného ionmi. Iné odpovede: ,,Elektricky prud
je usmerneny pohyb volnych castic.”, , Elektricky prud je pohyb volnych elektronov.*, ,,Elektricky prad je
usmerneny pohyb elektréonov.*

Odpovediam na tirovni komplexu (stipec 3) chybala vizba na nadradeny pojem a zrejma bola absencia atributov.
Typické odpovede: ,,Elektricky prid sa pouziva na pohon motorov, lodi atd’., ,,Elektricky prud prechadza
vodi¢om medzi polmi zdroja.“, ,,Elektricky prad rozsvieti ziarovku, dava do pohybu stroj...“, ,,Elektricky prad je
fyzikalna veli¢ina,, ,] = U/R*, ,,I = Q/t*. Posledné dva typy odpovedi boli ojedinelé, boli vSak zaradené medzi
komplexy (hoci vzorce su spravne), pretoze v nich nebola zrejma vdzba na nadradeny pojem a atribtty.

Ciselné udaje vo vSetkych stipcoch udavaju percentualny podiel odpovedi (z dan¢ho poctu respondentov
uvedeného v stlpci 1) zaradenych do prislusnej kategorie a vekovej skupiny. Stlpec 1 udava pocet respondentov
v konkrétnej vekovej skupine. Stlpec 2 udava percentudlny podiel nulovych odpovedi (Ziaci neodpovedali)
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a odpovedi nespravnych alebo nezrozumitelnych, ktoré sa nedali z hl'adiska zaradenie do stipcov 3,4 a 5
vyhodnotit’.

Tabul'ka 4: Odpovede na otazku ,,Co je to elektricky prad?* (Ml&achova, 1988)

stipec 1 2 3 4 5

vek respondentov pocet nulova/nespravna | odpoved na urovni | odpoved na irovni odpoved’ na
resp. odpoved’ komplexu pseudopojmu urovni pojmu

Ziaci 8. ro¢nika ZS 315 47,3 % 16,9 % 27,9 % 7,9 %

Studenti 1. ro¢nika gymnazia 200 38,5 % 9,0 % 50,5 % 2,0 %

Studenti 3. ro¢nika gymnazia 218 5,5% 9,3 % 73,9 % 11,3 %

Studenti 4. ro¢nika gymnazia 200 7.5 % 4,5% 80,0 % 8,0 %

1¢¢

Ulohou ,,Ktora Ziarovka sa rozsvieti pri zapnuti vypina¢a ako prva? Svoju odpoved’ zdovodni!* sa testoval imagi-
nacny reprezentant pojmu ,.elektricky prad“. Tri o€islované ziarovky boli boli zapojené v sérii v uzavretom obvo-
de s jednosmernym zdrojom. & —

-

Uplny imaginaény reprezentant by mal byt’ tvoreny spravnou predstavou pohybu elektricky nabitych Gasticvo
vodici, ktoré sa pod vplyvom elektrického pola (Siriaceho sa vodi¢om rychlostou svetla) za¢nu pohybovat’ naraz
(aspoii v beznych elektrickych obvodoch, kde je oneskorenie Uplne zanedbatel'né, pretoze Studenti sa to takto
ugili).

Odpovede na tirovni pojmu (stipec 5) vyjadrovali predstavu spravneho imagina¢ného reprezentanta aj so
spravnym vysvetlenim.

Odpovede na tirovni pseudopojmu (stipec 4) vyjadrovali spravny imaginaény reprezentant, aviak vysvetlenie bolo
nedostatoéné, chybné alebo sa odvolavalo na konkrétnu skiisenost’. Napr. ,,Ziarovky sa rozsvietia naraz, lebo prid
v obvode je konstantny — ked’ zapnem luster s viacerymi ziarovkami, tiez sa rozsvietia naraz — naraz, lebo prad

v obvode naraz vznika a naraz zanika — lebo prud sa $iri rychlost'ou svetla a nepostrehli by sme ten rozdiel

v zasvieteni (nie prad ale elektrické pole sa $iri rychlost'ou svetla).”

Odpovede na tirovni komplexu (stipec 3) boli chybné, pretoze vyjadrovali predstavu pomalého pohybu
elektrického pradu (Co je sice spravne), ale nevzali v ivahu rychlost’ svetla, ktorou sa §iri elektrické pole vo
vodiéi. Priklady odpovedi: ,,Ziarovka ¢&. 1 sa rozsvieti ako prva, lebo fiou bude prechadzat’ elektricky prad ako
prvou., ,,Ziarovka ¢. 1 sa rozsvieti ako prva, lebo prid ide od + k — ., ,,Ziarovka ¢. 3 sa rozsvieti ako prvé, lebo
prad fiou bude skor pretekat.”, ,,Ziarovka &. 3 sa rozsvieti ako prva, lebo prud je pohyb zapornych ¢asti a tie ida
od+k—.“

Ciselné daje vo vietkych stipcoch udavaju percentualny podiel odpovedi (z daného poétu respondentov
uvedeného v stipci 1) zaradenych do prislusnej kategorie a vekovej skupiny. Stipec 1 udava pocet respondentov
v konkrétnej vekovej skupine. Stipec 2 udava percentualny podiel nulovych odpovedi (Ziaci neodpovedali)

a odpovedi nespravnych alebo nezrozumitelnych, ktoré sa nedali z hl'adiska zaradenie do stipcov 3,4 a 5
vyhodnotit’.

Tabul’ka 5: RieSenia Glohy ,,Ktora ziarovka sa rozsvieti pri zapnuti vypinaca ako prva? Svoju odpoved’ zdévodni!* Tri

ocislované ziarovky boli boli zapojené v sérii v uzavretom obvode s jednosmernym zdrojom. (Ml¢tuchova, 1988)

stipec 1 2 3 4 5

vek respondentov pocet nulova/nespravna | odpoved naurovni | odpoved naurovni | odpoved na
resp. odpoved’ komplexu pseudopojmu urovni pojmu

ziaci 8. ro¢nika Z$ 315 32% 45,7 % 45,1 % 6,0 %

Studenti 1. ro¢nika gymnazia 200 5,5% 60,5 % 27,0 % 7,0 %

Studenti 3. ro¢nika gymnazia 218 4.1 % 58,7 % 25,7 % 11,5 %

Studenti 4. ro¢nika gymnazia 200 2,0% 63,0 % 29,5 % 5,5%
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Ulohou ,,Vysvetli z fyzikalneho hl'adiska, preco je bezpe¢nejsie skakat z velkej vysky do vody neZ na beténovii
podlahu.* sa testoval atribut sily, ktorym je skuto¢nost’, Ze vyjadruje posobenie medzi fyzikalnymi objektmi.

Spravne odpovede na tirovni pojmu (stipec 5) vysvetlovali situaciu pomocou brzdnych sil vznikajucich pri dopade
do vody (st mensie) a na beton (brzdné sily su vacsie).

Odpovede na trovni pseudopojmu (stipec 4) vysvetlovali situaciu rozliénou velkostou spomalenia vo vode a na
betone, Co v predstavach Studentov implikovalo rozlicne velke sily. Atribut bol preukazany nepriamo — teda jeho
vézba na jadro pojmu ,,sila“ nie je eSte dostato¢na.

Odpovede na tirovni komplexu (stipec 3) vysvetlovali situaciu mensim odporom vody, tvrdostou beténu, va¢sim
odporom vody v porovnani so vzduchom, teda bez akejkol'vek vézby na atribut sily. Z toho mozno usudzovat’, ze
atribtt sily este ziaci v Struktire pojmu vybudovany nemaju.

Ciselné udaje vo vietkych stipcoch udavaju percentualny podiel odpovedi (z daného poétu respondentov
uvedeného v stipci 1) zaradenych do prislusnej kategorie a vekovej skupiny. Stipec 1 udava pocet respondentov
v konkrétnej vekovej skupine. Stipec 2 udava percentualny podiel nulovych odpovedi (Ziaci neodpovedali)

a odpovedi nespravnych alebo nezrozumitelnych, ktoré sa nedali z hl'adiska zaradenie do stipcov 3,4 a 5
vyhodnotit’.

Tabul’ka 6: RieSenie Glohy ,,Vysvetli z fyzikalneho hl'adiska, preco je bezpecnejsie skakat’ z vel'kej vysky do vody nez na

betonovu podlahu.“ (Butkova 1988)

stipec 1 2 3 4 5

vek respondentov pocet nulova/nespravna | odpoved naurovni | odpoved naurovni | odpoved na
resp. odpoved’ komplexu pseudopojmu urovni pojmu

Ziaci 8. ro¢nika ZS 315 43,2 % 44,9 % 11,8 % 0,5 %

Studenti 1. ro¢nika gymnazia 209 41,5 % 44,8 % 8,2 % 0,5 %

Studenti 3. ro¢nika gymnazia 115 49,3 % 33.9% 11,3 % 1,0 %

Studenti 4. ro¢nika gymnazia 187 48,2 % 37,9 % 11,8 % 2,1%

Otazkou ,,Co je to sila?*sa testoval atribut sily — pdsobenie medzi fyzikalnymi objektmi a vizba na nadradeny
pojem. Studenti sa neuéia vysvetlovat’ silu ako pri¢inu zmenu pohybového stavu, teda neméze v definicii
nadradeny pojem ,,pri¢ina“ pouzivat. Je to v sulade s koncepciou modernej fyziky, kde je sila primarnym pojmom,
t.j. nema nadradeny pojem a definovanym iba vzorcom (pozri 4. Formalna iroven pojmu ,,sila“ na str. 131) alebo
pojmom podradenym pojmu interakcia, ¢o sa v dobe testovania $tudenti eite neudili. Studenti viak vizbu sily na
pojem ,,pri¢ina zmeny v pohybe telies alebo pri¢ina deformacie® pri plne vybudovanom pojme citia a opisuju to
konkrétnymi vyjadreniami, napr.: ,,Sila je nieo, co pdsobi na teleso a moze menit’ jeho pohybovy stav alebo méze
mat’ deformacné tcinky.*, ,,Je to fyzikalna veli¢ina. Ak na teleso pdsobime silou, tak sa to prejavuje zmenou
pohybového stavu alebo deformaciou.“. Takéto odpovede boli zaradené do posledného stipca 5.

Odpovede na tirovni pseudopojmu (stipec 4) sa vyznacovali znalostou atribitu ,,pdsobenie”, chybala viak
informacia o vidzbe na nadradeny pojem chapany ako pri¢ina zmeny pohybu. Boli to napr. odpovede: ,,Ak je teleso
dané do pohybu s rychlost'ou v, tak nan pdsobi sila F.*, Sila je urcity tlak na predmet, ktory sposobuje pohyb.*
,»Sila je vektorovou fyzikalnou veli¢inou. Je to miera posobenia na teleso., ,,Sila je pdsobenie na teleso.*

Odpovediam na tirovni komplexu (stpec 3) chybala akakol'vek zmienka o atribute sily, napr.: ,,Sila je fyzikalna
veli¢ina uréena smerom, vel'kostou a posobiskom.®, ,,Sila je dana sti¢inom F = m.a.*

Ciselné udaje vo vietkych stipcoch udavaji percentualny podiel odpovedi (z daného poétu respondentov
uvedeného v stipci 1) zaradenych do prislusnej kategorie a vekovej skupiny. Stipec 1 udava pocet respondentov
v konkrétnej vekovej skupine. Stipec 2 udava percentualny podiel nulovych odpovedi (Ziaci neodpovedali)

a odpovedi nespravnych alebo nezrozumitelnych, ktoré sa nedali z hPadiska zaradenie do stipcov 3,4 a 5
vyhodnotit’.
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Tabulka 7: Odpovede na otazku ,,Co je to sila?* (Butkova 1988)

stipec 1 2 3 4 5

vek respondentov pocet nulova/nespravna | odpoved na urovni | odpoved na irovni odpoved’ na
resp. odpoved’ komplexu pseudopojmu urovni pojmu

ziaci 8. ro¢nika Z$ 315 17,8 % 45,0 % 329% 4,3 %

Studenti 1. ro¢nika gymnazia 209 28,4 % 25,7 % 44,3 % 1,6 %

Studenti 3. ro¢nika gymnazia 115 23,5% 18,3 % 53,9 % 43 %

Studenti 4. ro¢nika gymnazia 187 21,4 % 32,6 % 433 % 2,7 %

Dodatok 2 - citacie
C 01: Salat, T. a kol. (1981). Mala encyklopédia matematiky (d’alej znaéime MCE).

C02:

CO03:

C04:

CO05:

CO06:

CO07:

Str. 40: tedria mnozin nemeckého matematika E.Zermela
IX. axioma: Ku kazdej mnozine 4 mozno priradit’ vec (symbol) A (kardinalne €islo alebo mohutnost’ mnoziny) tak, ze
rovnost’ A = B plati vtedy a len vtedy, ked’ 4 ~ B (t. j. mnozina A4 je ekvivalentna s mnoZzinou B).

Str. 39: .Uvedené definicie v pripade kone¢nych kardinalnych ¢isel (t. j. kardinalnych ¢isel koneénych mnozin) splyvaja
s poznatkami zo strednej, resp. uz zo zakladnej $koly — d’alej je to ilustrované na s¢itani a nasobeni.

Str. 42: Ak ozna¢ime znakom 1 kardinalne &islo jednoprvkovej mnoziny a pre n € N kladieme un)=n+1
(Specialne ®0) = 1), (n) nazveme nasledovnikom &isla n, potom na zéklade nasej definicie mnoziny N mozno odvodit’
nasledujuce vlastnosti mnoziny N, ktoré spolu so zakladnymi pojmami (terminmi) ,,celé nezaporné ¢islo®, ,,nula“ a
,-nasledovnik* tvoria zaklad axiomatiky celych nezapornych ¢isel, ktort vybudoval taliansky matematik G. Peano.
Poznamka: N je mnozina celych nezapornych ¢isel.

Matuska, M., Trefny, Z. (1987). Matematika zakladnej Skoly v heslach. Bratislava: SPN

Str. 8: Cisla 1, 2, 3,4, 5, ... st prirodzené &isla. St prostriedkom na oznacenie poétu 0sdb, predmetov apod. Kazdé
prirodzené ¢islo ma jediného nasledovnika a okrem ¢isla 1 i jediného predchodcu.

Pavli¢, G. (2001), Skolské encyklopédia matematiky. Bratislava: Priroda

Str. 7: Prirodzené Cisla ,,nedefinuje” ani nevysvetl'uje. Na ich vysvetlenie s pouzité Peanove axiomy:

Axioma 1: Cislo 1 je prirodzené.

Axioma 2: Kazdé prirodzené ¢islo n ma svojho nasledovnika, ¢islo n + 1.

Axiéma 3: Cislo 1 nie je priamym nasledovnikom nijakého prirodzeného &isla.

Axioma 4: Ak je priamym nasledovnikom dvoch prirodzenych ¢isel to isté prirodzené €islo, potom st tieto dve ¢isla
zhodné (vz4jomne sa rovnaju).

Axiéma 5 (veta o Uplnej indukcii): Nech isté tvrdenie (vlastnost’) plati pre ¢islo 1. Ak z jeho platnosti pre ¢islo # vyplyva
platnost’ pre ¢islo (n + 1), teda pre priameho nasledovnika ¢isla n, potom je toto tvrdenie platné pre vSetky prirodzené
¢isla. T. j. ak tvrdenie plati pre ¢islo 1, plati aj pre ¢islo 2. Ak plati pre ¢islo 2, plati aj pre 3. Ak plati pre ¢islo 3, plati aj
pre 4 atd’.

Kolbaska, J., Tarabek, J. (2000). Osvetlovnik matematiky. Prirodzené a celé Cisla.

Str. 5: Prirodzené ¢isla st tie, ktoré pozname odmala. Hovorili sme si: ,,Ja som jeden, s mamou sme dvaja, s ockom
traja, so sestrickou $tyria...* Tento pocet sme zapisovali ¢islami 1, 2, 3, 4,...

Zmaturuj z matematiky (2005), Bratislava: Didaktis

Str. 9: Prirodzené €isla vyjadruju nenulovy pocet prvkov. Mnozinu (obor) prirodzenych ¢isel oznaujeme pismenom N.
Mnozina prirodzenych ¢isel ma nekoneéne vela prvkov.

Martin Sechny, M. (2002).
http://209.85.129.104/search?q=cache: VIJdAFTRo7PgJ:www.shenk.sk/temy/fm.html+%220rdin%C3%A 11ne+%C4%8D
%C3%ADsl0%22&hl=sk&ct=clnk&cd=13

Vsetky vyskumy smerujice ku skimaniu poradia a miery prindlezia metematike. Mieru tu treba rozumiet’ ako vel'kost,
pocet, teda zakladnu ¢islovku (kardindlne ¢islo). Poradie je vyjadrené poradovou ¢islovkou (ordinalne ¢islo).

(2007) http://cs.wikipedia.org/wiki/%C4%8C%C3%ADslo

Cislo je abstraktni entita uzivana pro vyjadieni mnozstvi. Cisla se zapisuji pomoci ¢islic, a to v riznych ¢iselnych
soustavach, a pomocnych znaki, zejména desetinné ¢arky a znamének plus a minus. Cislice rozd¢lujeme podle
znazornéni na arabské Cislice, které se dnes nejcastéji pouzivaji a na fimské ¢islice.
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Zvlastnim piipadem ,,vyjadieni mnozstvi® je ,,vyjadieni poctu - ptidéleni urcitého €isla skupiné objektd, o kterych
uvazujeme jako o jednotkovych (kazdy z nich je ,,jeden”) a dale nedé€litelnych. Tomuto vyjadfovani poctu fikame
v bézném jazyce pocitani a ¢isla, pouzivana k vyjadieni poctu jsou oznacovana jako pFirozena €isla.

CO08: (2007) http://en.wikipedia.org/wiki/Number

A number is an abstract idea used in counting and measuring. A symbol which represents a number is called a numeral,
but in common usage the word number is used for both the idea and the symbol. In addition to their use in counting and
measuring, numerals are often used for labels (telephone numbers), for ordering (serial numbers), and for codes (ISBNs).
In mathematics, the definition of number has been extended over the years to include such numbers as zero, negative
numbers, rational numbers, irrational numbers, and complex numbers.

Certain procedures which input one or more numbers and output a number are called numerical operations. Unary
operations input a single number and output a single number. For example, the successor operation adds one to an
integer: the successor of 4 is 5. More common are binary operations which input two numbers and output a single
number. Examples of binary operations include addition, subtraction, multiplication, division, and exponentiation. The
study of numerical operations is called arithmetic.

C09: (2007) http://en.wikipedia.org/wiki/Cardinal _number

C10:

Cll:

In mathematics, cardinal numbers, or cardinals for short, are a generalized kind of number used to denote the size of a
set, known as its cardinality. For finite sets the cardinality is given by a natural number, being simply the number of
elements in the set. There are also transfinite cardinal numbers to describe the sizes of infinite sets. On one hand, a
proper subset A of an infinite set S may have the same cardinality as S. On the other hand, perhaps also
counterintuitively, not all infinite sets have the same cardinality. There is a formal characterization that explains how
some infinite sets have cardinalities that are strictly smaller than other infinite sets.

The cardinal numbers are: 0, 1, 2, 3, ..., n, NO, N1, ... , Na, ... That is, they are the natural numbers (finite cardinals)
followed by the aleph numbers (infinite cardinals). The aleph numbers are indexed by ordinal numbers. The natural
numbers and aleph numbers are subclasses of the ordinal numbers. If the axiom of choice fails, the situation becomes
more complicated — there are additional infinite cardinals which are not alephs.

(2007) http://en.wikipedia.org/wiki/Ordinal _number

A natural number can be used for two purposes: to describe the size of a set, or to describe the position of an element in
a sequence. When restricted to finite sets these two concepts coincide; there is only one way to put a finite set into a
linear sequence, up to isomorphism. When dealing with infinite sets one has to distinguish between the notion of size,
which leads to cardinal numbers, and the notion of position, which is generalized by the ordinal numbers described here.
This is because, while any set has only one size (its cardinality), there are many nonisomorphic well-orderings of any
infinite set, as explained below.

Whereas the notion of cardinal number is associated to a set with no particular structure on it, the ordinals are
intimately linked with the special kind of sets which are called well-ordered (so intimately linked, in fact, that some
mathematicians make no distinction between the two concepts). A well-ordered set is a totally ordered set (given any two
clements one defines a smaller and a larger one in a coherent way) in which there is no infinite decreasing sequence
(however, there may be infinite increasing sequences); equivalently, every non-empty subset of the set has a least
clement. Ordinals may be used to label the elements of any given well-ordered set (the smallest element being labeled 0,
the one after that 1, the next one 2, "and so on") and to measure the "length" of the whole set by the least ordinal which is
not a label for an element of the set. This "length" is called the order type of the set.

Any ordinal is defined by the set of ordinals that precede it: in fact, the most common definition of ordinals identifies
each ordinal as the set of ordinals that precede it. For example, the ordinal 42 is the order type of the ordinals less than
it, i.e., the ordinals from 0 (the smallest of all ordinals) to 41 (the immediate predecessor of 42), and it is generally
identified as the set {0,1,2,...,41}. Conversely, any set of ordinals which is downward-closed — meaning that any ordinal
less than an ordinal in the set is also in the set—is (or can be identified with) an ordinal.

Kopaskova, J. (2005). Postup pri vyucovani s¢itania, od¢itania do 10. Interna §tadia, Bratislava: Didaktis
Pavli¢, G. (2001). Skolska encyklopédia matematiky. Bratislava: Priroda.

Predstavy ¢isel mozno vytvarat’ pomocou geometrickych obrazcov — ikonov, napr.:
trojuholnikové Cisla Stvorcové Cisla

V uvedenych pracach je mnozstvo prikladov, napr. na ,,domcekové ¢isla® (Kopaskova), pat- a Sestuholnikové ¢isla,
pyramidové a kubické ¢isla (Pavli¢). Aj v ¢iselnych systémoch starych narodov sa pouzivaju zapisy ¢isel pripomina-
juce ikony, napr. zapisy babylonskych ¢isel, ¢isla starych Mayov a pod. [29].
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Abstract: The paper shows a triangular model of concept structure and its developmental levels. The basic
components of the model are: core C (word, representative semantic image, and a symbol), meaning M, meaning
layers M1, M2, M3, sense S and their relationships. The model distinguishes the concept’s meaning and sense
like two disjunctive sets. Based on this model, a specific method of cognitive analysis of concepts has started to
develop. This method enables cognitive modelling — the construction of cognitive models of single external
concepts and their mental representations named as triangle modeling of concept structure. Secondly the paper
describes the developmental levels of concept formation in the historical development and during the education
process. Thirdly the paper presents several triangular models of Vygotian phases of concept formation on
concrete physical concepts and triangle models of developmental levels of concepts “force” and “number”. The
usage of triangular modeling in learning process and curricular process of curriculum creation is showed.
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1. Introduction —method of cognitive analysis and synthesis of
concepts based on triangular model of concept structure

Many studies were conducted to explore the misconceptions *1 of pupils and students over the last two and

a half decades (Hestenes at al 1992, 1995, Nachtigall 1981, Hejnova 1984, Renstrom at al 1990, Sharma 2007,
Tarabek 1985, 1988, 1989, 2002, reviewed in Adaméikova 2007). The various causes of the formation of these
misconceptions were analysed. It was found out that the formation of misconceptions could be attributed to
textbooks, incorrect and incomplete formation of concepts, formal education with an accent on formal
knowledge, etc (Fenclova 1980, Tarabek, 1985, 2005, Sharma 2007, Brockmeyer, Tarabek 2007, Adamcikova,
2007). The author’s studies of misconceptions have resulted in the creation of a model of concept structure
(Tarabek, 1988) that has proven to be an efficient tool for the analysis of learners’ concepts and knowledge. The
model, called the triangular model of concept structure (Tarabek, 2005), is built upon Vygotsky’s concept
theory (Vygotsky, 1986) and besides the description of spontaneous concepts development, it distinguishes
several stages in the development of scientific concepts during physics and math concept learning. This model
also distinguishes the concept’s meaning and sense like two disjunctive sets following Frege’s idea of
meaning/reference — Bedeutung and sense — Sinn (Frege, 1892). Thirdly, the model is based on the idea of a
semantic/semiotic triangle. The current model is used for cognitive analysis of concepts in curriculum formation.

The method of the cognitive analysis and synthesis of external scientific concepts and their mental
representations is based on the triangular model of concept structure and its developmental levels. This
method enables to construct and design models of the structure of external and internal concepts as elements of
external and internal conceptual knowledge systems *2. The method is named as a triangular modeling of
concepts.

The triangular modeling may be used as one of the methods of the cognitive analysis and synthesis, particularly
in connection with the didactic transformation DT2 in the course of the didactic communication related to the
creation of the didactic system. Didactic transformation DT2 corresponds to the curriculum transformation CT2
= conceptual curriculum — intended curriculum in the course of the curricular process (Tarabek, Zaskodny,
2007). The triangular modeling may be used for the cognitive analysis and synthesis of the external concepts to
adapt them on the cognitive level of the learners.

The triangular modeling may be used for the cognitive analysis and synthesis of the internal concepts of the

learners during the transformation T4 in the course of the instruction, and for finding out the quality of the

outputs of the educational process — the implemented curriculum, particularly for:

1. Finding out the structure and level of the input concepts and preconceptions of the learners,

2. Finding out the structure and level of the output concepts of the learners after finishing the given stage of the
instruction process. The model is very efficient for detecting the causes of formation of misconceptions, i.e.
erroneously formed concepts and knowledge in the course of the school instruction (Adaméikova, Tarabek
2007).

*1. It was established that pupils and students enter their physics lessons and courses with some preconceptions
(preconceived notions and beliefs). Then they learn in the school not only formal knowledge, but construct their own
incorrect views, knowledge, incomplete concepts also referred to as misconceptions, alternative/student frames, pre-
scientific conceptions, etc.

*2 Conceptual knowledge systems

Scientific concepts, knowledge, rules, laws and principles comprise a system with a structure (Sternberk 1999). Therefore
in the cognitive science the following terms are used: system of concepts, system of knowledge, mental knowledge
system, concept knowledge system, conceptual framework, conceptual knowledge system, etc. According to Guilford’s
structure of intellect theory and supporting papers (Anderson, Bartolo, Damasio, Mann, 1996; Tarabek, 2007) we use the
term conceptual knowledge system and distinguish the following two systems:

— External conceptual knowledge system — ECKS

— Internal (mental) conceptual knowledge system — ICKS.

Internal conceptual knowledge system (ICKS) or mental conceptual knowledge system is a result of the individual
cognitive process of a human. It is a system of concepts and knowledge that the cognitive agent forms or acquires
through the processes of education, observation, empirical experience, as well as in the process of scientific cognition
through goal-oriented experimentation and with own thinking. This knowledge involves declarative and procedural
knowledge. The concepts have their own structure involving subordinate concepts and images as components of their
meaning (Tarabek, 2004, 2005, 2006, 2007).

External conceptual knowledge system (ECKYS) is the result of social cognitive process, i.e. cognitive processes of
human society as a system of cognitive agents, while it is necessary to distinguish what system is being discussed.
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Scientific external conceptual knowledge system is the result of the cognitive process of a scientific community in

a given science. It consists of two systems: the system of scientific concepts, facts, laws, principles, theories, and their
applications and interpretations and the system of procedural knowledge — cognitive, modeling, application and
interpretation methods and procedures that the given science make use of. The scientific external conceptual knowledge
system also includes the scientific representation of reality (from the point of view of the given science) — the system of
general images of the reality consistently connected with the scientific knowledge and formulated usually in the natural
language with scientific terms. Scientific ECKS also involves concepts of the natural language that scientists/experts use
when they present scientific results to people who are not experts in the given science.

Philosophical conceptual knowledge system is the result of the cognitive process of a given philosophical school of
philosophers.

Technical external conceptual knowledge system is the result of cognition and the work of experts and scientists in a
given technical field.

Social external knowledge systems are formed by the general experience and thinking of humans in the process of
cognition of reality, and they are transmitted to subsequent generations by diverse means of social communication.

Scientific, philosophical, technical and social external knowledge systems have always been transmitted to subsequent
generations by means of education. Only the few most educated individuals acquire the complete knowledge system in
the given science or technical field as a whole, so that their internal knowledge systems are, in effect, identical with the
corresponding external knowledge system.

Analysis of the historical development of external knowledge systems led to distinguishing of several levels of exter nal

conceptual knowledge systems in physics and developmental levels of conceptsin mathematics:

— In physics there are the levels: primitive-empirical, empirical, parametric, structural and formal (Tarabek 1988, 1989,
2002, 2003, 2006);

— In mathematics there are the levels: empirical (visual), imaginative/icon, symbolical and formal (Tarabek 2006, 2007),
see Fig. 2.

Internal conceptual knowledge system comprises the elements and relations between them. Basic elements of ICKS are
concepts on various levels of abstraction and various levels of formation. They also involve words, mathematical,
physical and other symbols, images on various levels of abstraction, as well as features of single images — perceptions
stored in memory. Relations between elements of ICKS are of various types. The set of relations is much greater than the
set of elements (Tarabek 1988, 2004, 2005). Relations between basic elements form elements of a higher order — various
contextual relations between words of natural language, grammar, experience, empirical and theoretical laws, principles,
mathematical theorems, logical relations between axioms, laws and principles of scientific theory including relations
enabling the interpretation of theory into reality, functional relations between elements of cognitive models of technical
systems etc.

Therefore, the internal conceptual knowledge system is a pair [M, Re], where M is the set of all elements of ICKS
and Re is the set of all binary relations on M — relations between the elements of ICKS (Tarabek 1988).

In relation to the terms “internal and external conceptual knowledge system” we also use the following terms:
— External concepts — internal concepts,
— External knowledge — internal knowledge.

If we assume that the internal conceptual knowledge system is a static structure in the brain of a cognitive agent

(like computer software), then the real process of perception and thinking is a functioning of this structure using existing
relations between elements. The internal conceptual knowledge system may change like any other software. Changes of
ICKS are caused by learning, cognition and creativity.

2. Triangular model of concept structure

Derived from semantic modelling of concepts and semantic networking (Pulpan, 1988, Sternberk 1999, Tarabek
1985, 1988, 1989) the triangular model of concept structure (Tarabek, 2004, 2005, 2006, 2007) was created.
Afterwards, its concept levels were specified (See Fig. 2). The basic components of the model are: core C,
meaning M and sense S, as well as their mutual connections and hierarchical layersM1, M2, M3 of the
meaning. Based on this model the specific method of cognitive analysis and synthesis of concepts has started to
develop. This method enables a construction of cognitive models of single external and internal concepts.

Core of concept

Core C of concept is composed of three mutually linked elements: word W, a symbol, and a representative
semantic image. The representative semantic image (RSI) is the dominant image that emerges in the mind
after saying a given word.

A representative semantic image may appear in the mind as a dominant image during a thought operation with
the word or symbol. Thus the mental representation of the objects, phenomena, events, and entities in the core
consist of three components: word, analogue component — RSI, and symbolical one — symbol.
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In many cases, a visual form of the representative semantic image is formed, too. For the visual form the term
semantic icon is usual. The icon is often formalized and used in common communication when a brief visual
expression without text is needed — at airports, stations, in computer software etc. Examples of formalized icons
are presented below. Icons with the “*’ sign are combinations of warning (yellow and red) and icon of fire or
radiation respectively.

save sun love danger of fire * radioactivity *

B v A A

M eaning of concept

Meaning M of concept (See Fig. 1) is composed of the set of cores of all subordinate concepts and sets of
images referring to the given concept core and of the set of meaning links. Meaning links are the links between
the concept core and subordinate concepts or images. In the meaning of concept we can differentiate three
hierarchical meaning layersM1, M2, and M3.

Themeaning layer M1 is a referential set — set of referentes, e.g. subordinate referential concepts, which refer
to the given concept core. The referents are coordinate concepts and divide the whole class of denotata (i.e.
objects, phenomena, events, entities referred to the given concept core) into disjoint subclasses. For instance, the
class of referential concepts of the concept “force” is composed of concepts: “gravitational force”,
“electromagnetic force”, “nuclear force”, and “weak interaction”. However, it is necessary to emphasize that in
ICKS there may exist also other classes of referential concepts dividing the class of denotata in a different way.
For instance, in classical mechanics, forces are divided into real and fictitious. The real ones are gravitational,
electric and magnetic forces. The fictitious ones are, for instance, “inertial force”, “Coriolis force” etc. Another
way of dividing class of force is dividing into distance and contact forces. Distance (or field) forces are types of
forces in which two interacting objects are not in physical contact with each other (gravitational, electrical,
magnetic force). Contact forces are types of forces in which two interacting objects are physically in contact with
each other. The contact forces are frictional force, push force, pull force, etc.

Therefore, we can talk about several classes of referential concepts representing different related meanings of a
given concept. If there are, in the internal conceptual knowledge system, several related classes of referential
concepts to a given concept we speak about the meaning field of the given concept. It is necessary to distinguish
the term “meaning field” from homonymy, i.e. a situation when a given word has more different meanings (e.g.
word “bear” means “animal” or “carry”).

Themeaning layer M2 is a set of designata — a set of concrete subordinate concepts and semantic images,
which may be subordinate to referential concepts of M1 or to core C. These concepts may be on various levels of
abstraction from relatively abstract concepts subordinate directly to the referential concepts to concepts
expressing concrete objects, phenomena, events, entities, etc. For example, the referential concept “electrostatic
force” may have as subordinate concepts attractive and repulsive forces. These can be further differentiated into
various concrete forces acting in real situations with different magnitudes and directions. As another example,
the referential concept “contact force” may have as subordinate concepts friction forces, pull forces, push forces,
binding forces... and these can be further differentiated into forces acting in concrete situations. Designata as
concepts may have a complete formal structure, i.e. words, symbols, icons, meanings and sense including links
between them. However, designata also involve images without names that usually in a general form reflect
concrete perceptions. Finally, some images may be abstract ones which the cognitive agent uses in the process of
thinking and cognition.

The meaning layer M3 is a set of concrete images of the objects, phenomena, events, and entities in the mind,
which refer to the core C or to the referential concepts or to the elements of M2. Secondly, the meaning layer
involves extension E of the given concept — the class of denotata — objects, phenomena, events in reality and
entities to which the word or symbol (sign) of the given concept points.

For instance, the class of denotata of the concept “body” comprises all the bodies in reality. The denotatum for
the concept “force” is any concrete force acting between two bodies and the set of denotata comprises all forces
in nature.

Denotata that may be directly perceived (e.g. stars, concrete bodies, liquids, etc.) are called evident denotata.
Besides evident denotata there are also denotata that are not necessarily evident, so-called non-evident
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denotata. These may be recorded by means of physical experiment and measurement, e.g. fundamental particles
(electrons, quarks, neutrons, protons, etc.), forces, energy, entropy, etc. Some physical concepts that are
idealized constructions do not have real denotata, for example mass point, ideal gas, ideal solid body, etc. In such
cases we talk about imaginary denotata, while in reality there are actual objects that differ very little from our
images of idealized objects.

M eaning links are links between:

— the core of a given concept and referential concepts;

— the core of a given concept and designata;

— the core of a given concept and denotata;

— cores of referential concepts and designata or images of denotata;
— cores of concepts in the meaning layer M2 and images of denotata.

Sense of concept

No concept in the internal conceptual knowledge system (ICKS) is isolated. It is connected through a great
number of links with other elements of ICKS. All links connecting the given concept with other concepts in
ICKS (except for the links to subordinate concepts) together with the set S1 (See Fig. 1) comprise its sense.

Sense of concept is composed of the set of assigned concepts S1 and sense links from the core of concept to the
assigned concepts (Fig. 1). We can divide sense links into:

1. Qualitative links — actual, potential and attributive;

2. Cognitive links;

3. Operational links; and

4. Contextual links.

Qualitative sense links are the links to concepts expressing actual qualities or features, potential qualities and
attributes (relevant properties) of a given concept.

Actual qualitiesare features characterizing the concrete denotatum (object, phenomenon, event, entity). An
actual attribute of red apple is its red colour. An actual attribute of force is the fact that it is a vector physical
quantity.

Potential qualities are properties characterizing denotata of subordinate concepts — referential concepts or
designata. The connecting of potential qualities to a given concept results in its differentiation into subordinate
concepts. For example, the connecting of potential qualities “motion” and “rest” to the concept “body” results in
two disjoint classes of denotata represented by the concepts “moving bodies” and “bodies at rest”. Potential
qualities which are possible to connect to the concept “force” are “gravitational”, “electromagnetic”, “nuclear”
and the quality expressed by the term “weak interactions.” Thus the general concept of force is differentiated
into referential concepts: “gravitational force, “electromagnetic force®, “nuclear force, and “weak interaction*.
If we consider a different meaning structure, we can differentiate the concept “force™ into subordinate concepts
by connecting the qualities “fictitious* and “real” to it. The potential qualities of a given concept are actual
qualities of subordinate concepts. However, sense links from the core of concept to potential qualities cannot be
treated as identical with meaning links from the given concept to subordinate referential concepts. A person can
distinguish different referential concepts according to their specific properties, he/she can use words expressing
corresponding qualities together with a word expressing the given concept, but he/she does not have to have
sufficiently formed concepts of these qualities. For instance, primary school pupils of the sixth grade have
formed concepts “gravitational, electric and magnetic force” at a concrete level, but they distinguish them only
because of some specific properties. E.g. magnetic force is the force that a magnet exerts upon iron objects,
electric force appears after electrifying of plastic ruler and it attracts small papers, fibres, hair, etc. Gravitational
force manifests itself by a weight stretching a spring of dynamometer. Pupils usually have the qualities
“magnetic”, “electric”, “gravitational” connected so closely with the concept of force that the qualities are not
separated in their minds. Separation of the qualities is achieved by the formation of the concepts “electric field”,
“magnetic field”, and “gravitational field’ as force fields mediating the acting of force. For instance, only about
40 percent of secondary school students (independently of the grade) understand the concept of a magnetic field.

Others consider a magnetic field to be only the space surrounding the magnet (Tarabek, 2002)

Attributive links are the links to the concepts expressing attributes of a given concept. Attributesof a given
concept are relevant properties characterizing the denotata class (objects, phenomena, events, entities denoted by
the name of concept). According to these properties we are able to categorize an observed object, phenomenon,
or entity into the denotata class (an extension of the given concept). For instance, the concept “body” has as an
attribute its mass. The concept “liquid” has the attributes constant volume and variable shape. Force has as an
attribute the fact that it expresses mutual interaction of physical bodies (or bodies and fields). An apple has an
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attribute: it is a fruit of an apple tree. A coniferous tree has as an attribute needles, a deciduous tree has as an
attribute leaves. Attributes are used in definitions together with superordinate concepts. For instance, in the
definition “Body is a mass object”, “object” is a superordinate concept, “mass” is an attribute. In the definitions
“Solid body is a mass object with constant volume and shape” or “Liquid is a mass object with constant volume

and variable shape”, “mass object® is a superordinate concept and “constant volume”, “constant/variable shape”
are attributes.

Cognitive links are links between the core of the given concept and concepts that are related to physical or
natural law (rule, principle) together with this concept. For instance, if we consider Newton’s second law in the
form: F =m . a, students have a cognitive link from the concept “force™ to the concept “acceleration” if they
understand that “force causes change in motion”. I.e. the piece of knowledge in the specific thinking of the
student has the form: “force causes acceleration or deceleration of body’s motion or curving of its trajectory”.
Such a cognitive link was found only in 23 — 32 percent of secondary school students (from seventh grade up)
and the dependence on the age of respondents was very small. It was demonstrated that even if students know
Newton’s second law and they are able to use it in problem solving they do not have to understand the
connection between force and acceleration as “force causes acceleration or deceleration of body’s motion or
curving of its trajectory”. For instance, approximately half of upper secondary students of the twelfth grade
know Newton’s second law, and around 30 percent can apply it in a solving of physical problems, but only one
third of these students know that “force causes change in motion (i.e. acceleration, deceleration or curving of
trajectory)”. Similarly, it was shown that knowledge of Ohm’s law: I = U/R and its application to various tasks
does not mean that students are conscious of the cognitive link of inverse proportionality between current and
resistance: I ~ 1/R.

It was also shown that pupils in the seventh grade of secondary schools know the formula for the calculation of
the circumference of a circle O = 2nR and they can calculate it, but only a small part of them (around 16%)
understands that the circumference of circle is 2m-times greater than its radius (Tarabek, 2005).

Operational linksare the links between the core of the given concept and concepts that belong to physical or
mathematical definitions together with the given concept. These links are expressed by the so-called operational
definitions or operational assignments, which are realized by thought operations. Operational links exist in the
mind of a learner if he/she knows how to “read” the definitions. For instance, if a student knows how to “read”
the definition s = v . t (path equals product of steady speed and time), in the structure of his/her concept of
,,path” there are the links s ~ v (path of steady motion is directly proportional to the speed of motion) and s ~ t
(path of steady motion is directly proportional to the length of time interval). If student knows how to read the
definition a = dv/dt (acceleration is the derivative of speed with respect to time), he/she knows and understands
that “acceleration is directly proportional to the differential change in speed” and “inversely proportional to the
differential change in time”.

Contextual links are the links between the core of a given concept and all other concepts that may be
meaningfully connected with the given concept in statements, propositions, sentences etc. This term does not
design qualitative, attributive, cognitive and operational links. For instance, the concept “force” can be
meaningfully connected in sentences with the concepts “motion”, “action”, “field”, “space”, “time”, etc.
Contextual links between concepts are realized in arranging words into meaningful statements. Clearly, the
sentence: “The car has green leaves” is meaningless, because there is no contextual link between the concepts
“car” and “green leaves”. Contextual links enable us to create predicates — verbal statements concerning
attributes, laws, definition assignments and also statements concerning meaningful links from a given concept
both downwards and upwards.
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Figure 1: Triangular model of concept structure

Rectangular boxes represent components of concept structure (C — core, S1, M1, M2, M3, extension); dashed
boxes represent subsystems (meaning and sense), dot boxes represent concepts, and arrows represent links

between components of concept structure.
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3. Vygotian phases of concept formation

Vygotsky (1986) distinguishes three major phases of spontaneous concept formation: syncretic images or
“heap”, complex and pseudoconcept. The phase “complex” comprises several types: association, collection,
chain complex, diffuse complex. It was found out that the formation of scientific concepts in the minds of
students in the course of education process can go through three phases: complex, pseudoconcept, and concept
(Gregusova, 1986, Mlctchova, 1988). The first version of the model of concept structure was used in the
research (Tarabek, 1988).

Description of the Vygotian phases of concept formation by the triangular model

In the studies, where the first version of model of conceptual structure was used (Tarabek, 1988), it was found
out that the development of scientific concepts in the minds of students during instruction process can also pass
through the phases of complex and pseudoconcept before the complete concept was formed (Gregusova, 1986,
Tarabkova, 1988, Mlctuchova, 1988). Mlctchova’s and Tardbek’s papers, 1988 have distinguished three
Vygotian stages of the concept “conductor of electric current” in the answers of eighth to twelfth grade students
to the question: “Electric current can flow through and only through:”. The results are presented in the table 1.

Complex level answers were characterized by correct examples of conductors (copper, bulb, metals, electrolytes,
water...) together with occasional (not all respondents) incorrect examples (signal, sound, light). The percentages
of complex level answers are shown in the column 3.

Pseudoconcept level answers were characterized by correct examples on the level of referential concepts
(metals, electrolytes, ionized gases) occasionally supplemented with semantic images as examples of individual
referential concepts (e.g. metal — copper, iron; electrolyte — acid in accumulator). The percentages of
pseudoconcept level answers are shown in the column 4.

Concept level answers were characterized by definitions, e.g. “Electric current flows through all materials
containing free charged particles.”, “Electric current flows through all matters containing free electrons.”, while
some students supplemented their answers with particular examples of electric conductors. The percentages of
concept level answers are shown in the column 5.

During the instruction process in five years of upper secondary school (grades 8 to 12), the percentage of
complex phase answers decreased from 62 % to 25% and the percentage of pseudoconcept phase answers
increased from 29 % to 59 % (see Table 1). The percentage of concept phase answers slightly increased from 3
% to 12 %. Similar developments were recorded in research oriented to the formation of other physical concepts
in the course of five years of upper secondary school (grades 8 to 12).

Table 1: Answers to the question: “Electric current can flow through and only through:”

Column 1 2 3 4 5
Number of respondents — N N no answer or complex phase pseudoconcept concept phase
Age of respondents not to understand answers phase answers answers
Grade 8 315 6,3 % 61,9 % 28,9 % 29%
Grade 9 200 3,0% 55,5% 33,5% 8,0 %
Grade 10 218 0,4 % 36,1 % 55,0 % 10,5 %
Grade 12 200 4,0 % 25,0 % 59,0 % 12,0 %

The papers by Gregusova (1986), Ml¢uchova (1988) and Tarabkova (1986) have explored the development of
the concepts “conductor of the electric current”, “electric current”, “electric voltage”, “electric field”, “magnetic
field” and “force” in the course of the sixth to twelfth grade. Based upon the cognitive analysis of these concepts
by means of the triangular model and the paper by Vygotsky (1986), we have distinguished the following four

phases of an incomplete concept structure preceding the fully formed concept:

1. The lower complex is characterized by the core comprising only the word — the name of the concept. The
meaning layer M3 may have a greater number of the elements than M2. In other words, every designatum
corresponds to only one denotatum and some images of the denotata are linked directly to the core. The
cognitive agent does not have any name for some images. On the other hand, the agent does not have to have
an image for every denotatum. The number of the elements of M2 is very low — often only one or two.
Besides the correct designata and images of the denotata, the meaning often contains incorrect designata and
images. The contextual links are usually missing.
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2. The higher complex is characterized by the core comprising besides the word also the representative semantic
image — the image prototype characterizing the class of denotata. The image does may be incomplete and it may
involve incorrect characteristics. The meaning layer M3 contains more elements than M2, i.e. one designatum is
linked to several images of the denotata. The designata also involve the concepts that may later become
referential concepts, i.e. the learner does not distinguish the concepts on the different hierarchic levels yet. The
contextual links are already developed, so the learner is able to describe verbally the connection of a conductor
to a source or a bulb, etc. No phase of the complex has the superordinate concept linked to the given complex.

3. The lower pseudoconcept is characterized by the core having the complete representative semantic image —
the prototype with the correct and clear characteristics. It has a hierarchically arranged structure of the
meaning layers M1, M2 and M3, while M1 and M2 do not contain all elements characterizing the fully
developed concept. The lower pseudoconcept does not have the sense links to the potential qualities, so its
referential concepts are not fully developed concepts. There may be the link to the superordinate concept, but
the sense of the concept does not contain all attributes, and the attributive links are insufficiently developed,
so the definition in terms of the superordinate concept and the attributes is incomplete or entirely incorrect.

4. The higher pseudoconcept is characterized by the core having the complete representative semantic image —
the prototype with the correct and clear characteristics. It has a hierarchically arranged complete structure of
the meaning layers M1, M2 and M3 and the sense links to the potential qualities, which divide the concept
into the referential concepts as fully developed concepts. Although there is the link to the superordinate
concept, the sense of the pseudoconcept does not have fully developed attributes, so the definition in terms of
the superordinate concept and the attributes is incomplete. The higher pseudoconcept is similar to the
completely developed concept with the following difference: it is impossible to define it correctly in terms of
the superordinate (more abstract) concept and the attributes.

We will call the phases of the development of a scientific concept described above the Vygotian phases of the
concept development and the process of their development will be called CPC-process (CPC = Complex —
Pseudoconcept — Concept). The original Vygotian phases describe only the sense of the concept and the sense
links to the potential qualities (Vygotsky, 1986). The Vygotian phases formulated above also describe the core of
the concept and the cognitive and contextual links.

The complete concept involves all elements and developed links including the link to the superordinate concept.
The exceptions are the scientific primary concepts, which cannot have any superordinate concept since they are
on the highest level in the hierarchy of concepts. In terms of the primary concepts the secondary concepts are
defined, and in terms of them the concepts on the lower level in the hierarchy of concepts. In the mechanics, the
primary concepts are e.g. the matter, time, space, state, body, etc. In the theoretic mechanics, a primary concept
is the force, which is not a primary concept in the classical mechanics since it has a superordinate concept.

In the development of the concepts passing through the Vygotian levels, the concrete concepts — having two
meaning layers at most, i.e. without the layer M1 — attain the stage of the complete concept much sooner than the
abstract concepts, which are much higher in the hierarchy of the concepts. For instance, in the development of
the concept ,,the metal wire as a conductor of the electric current®, the stage of the lower complex was found out
from the statements of a four-year old child: “A wire (wrapped in insulation) is connected to a battery, so that the
electricity gets to the bulb”., “We do not plug a nail into a socket to prevent ,,electricity kick (electricity shock)”.
This stage is characterized by the designata and images of the denotata on the same level, while the sense
contains also incorrect denotata, e.g. (non-conductive) cable, which the child used for connecting an appliance
(hair drier) to a model of an electric socket (with no electricity in it). The same child aged 6 years knew that the
conductors of electricity comprise only metal wires and he/she knew to state several examples (wire of a bell,
conductor from a lamp, starting cables, but also other matters as, e.g. water), so his/her concept was developed
on the level of the higher complex. A 12 — 14 years old child may know that “the conductors of the electricity are
all metal wires” and distinguish thin wires (worse conductors) from broad wires (better conductors), and
insulated wires (which may be grasped) from uninsulated wires (which cannot be grasped in case they are
plugged). He/she distinguishes wires from different metals, because he/she knows the copper, iron, aluminum
dividing the class of the metal cables into corresponding subclasses. We can say that his/her concept “the metal
wire as a conductor of the electric current” is at least on the level of the pseudoconcept. If the pupil knows that
the electricity also flows through other matters (water, acids) and he/she has the concept ,,the conductor of the
electric current” developed at least on the level of the higher pseudoconcept, then the concept “the metal wire as
a conductor of the electric current” is fully developed.

In conclusion, we have to say that the classification of the complex and pseudoconcept into two subcategories is
only approximate and it does not express all possible variations in the development of the children’s concepts.
Furthermore, the absence of the analysis of the development with respect to the cognitive, operational and
contextual links suggests that there may be more lines and levels of the concept development.
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Vygotian phases of the for mation of the concept “conductor of the electric current”

The diagrams of the triangular models of the concept ,,conductor of the electric current” in the phase of the lower
and higher complexes, lower and higher pseudoconcepts and the fully developed concept are depicted in the fig.
2.1 —2.5. The diagram 2.6 shows the triangular model of the concept ,,matter, which is superordinate to the
fully developed concept “conductor of the electric current”, whereas it is missing in pseudoconcepts and
complexes.

Figure 2.1: Triangular model of the complex “conductor (of the electric current)”

Themodel representsthe concept in the phase of the lower complex. The boxes represent the
components of the concept structure (C — core of the concept, the set S1); the dashed boxes represent the
subsystems (meaning and sense); the oval boxes represent the designata and the images of the denotata;
the arrows represent the links between the elements of the concept structure; the dotted box represents the
whole concept “conductor of the electric current”; the dotted-dashed box represents S1 and dotted-dashed
link the sense links expressing the fact that the complex does not have to have the developed sense.
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The core C of the lower complex ,,conductor (of the electric current)* comprises the word ,,conductor*.

The representative semantic image for the lower complex is not developed yet. It is substituted by an inaccurate and
incomplete image, e.g. electric cable or line — a prototype, which also has incorrect characteristics. According to them
the child also includes into the sense the denotata, which do not belong under the denotation ,,conductor of the electric
current, e.g. a rope or line resembling a conductor.

The complex does not have any superordinate concept.

The sense S of the lower complex “conductor of the electric current” may consist of:

— the contextual links to the concepts “to flow”, “bulb”, “battery”, “electric circuit”, etc., in case the learner understands
the statements: “Electricity flows through conductor.” “Conductors connect bulb, battery and switch in an electric
circuit”. These contextual links may be absent in case the learner states: “Current flows through wire.” or “Bulb,
battery and switch in electric circuit are connected through wires.” In such case the concept “conductor” does not
have the developed sense yet — it is depicted by the dotted-dashed box S1 and the arrow representing the sense links.
The sense is developed (not always) only for the subordinate concepts — designata.

— the qualitative links to the potential qualities — “solid”, “liquid”, “gas” are not developed.

— the attributive link to the term “free electric particles” does not exist.

The meaning M of the complex has at most two developed meaning layers: the layer M2 of the designata and the layer
M3 of the specific images of the denotata. The learner does not distinguish the referential concepts from designata and
includes them into the layer M2. Some images of the denotata are linked directly to the core and some designata may
have no associated image. The sense also contains incorrect designata, e.g., sound, signal, link etc.
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Figure 2.2: Triangular model of the complex “conductor (of the electric current)”

The model shows the concept in the phase of the higher complex. The boxes represent the components
of the concept structure (C — core of the concept, the set S1); the dashed boxes represent the subsystems
(meaning and sense); the oval boxes represent the designata and the images of the denotata; the arrows
represent the links between the elements of the concept structure; the dotted box represents the whole
concept “conductor of the electric current”.
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The core C of the higher complex “conductor (of the electric current)” consists of the word “conductor” and the
representative semantic image — the image of the specific conductor, e.g. the image of a cable, wire, etc., which is
a prototype with predominantly correct characteristics.

The complex does not have any superordinate concept.

The sense S of the complex “conductor of the electric current” consists of:

— the contextual links to the concepts “to flow”, “bulb”, “battery”, “electric circuit”, etc., i.e. the learner is able to state:
“Electric current flows through the conductor.” “Conductors connect bulb, battery and switch (in an electric circuit)”.
He/she understands the fact that the current flows from source to bulb only if the cable is connected both to the bulb
and to the source. Nevertheless, he/she does not have to have an image of the closed circuit as a condition for the flow
of the electric current. He/she is surprised, when the bulb is not lit, because he/she connected it to the source only
through one cable.

— Qualitative links to the potential qualities — “solid”, “liquid”, “gas” are not developed.

— The attributive link to the term “free electric particles” does not exist.

The meaning M of the complex has at most two developed meaning layers: the layer M2 of the designata and the layer
M3 of the specific images of the denotata. The learner does not distinguish consistently the referential concepts from the
designata and includes them into the layer M2. Some images of the denotata are linked directly to the core.
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Figure 2.3: Triangular model of the pseudoconcept “ conductor (of the electric current)”

Themodel shows the phase of the lower pseudoconcept. The boxes represent the components of the
concept structure (C — core of the concept, the set S1); the dashed boxes represent the subsystems (meaning
and sense); the oval boxes represent the referents, designata and the images of the denotata; the arrows
represent the links between the elements of the concept structure; the dotted box represents the whole
concept “conductor of the electric current”. The dotted-dashed oval boxes and arrows indicate that the
corresponding subordinate concepts, as well as the sense links to the potential qualities, do not have to be
developed.
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The core C of the pseudoconcept “conductor (of the electric current)” consists of the word “conductor”, or the word
“conductor of the electric current”, and the representative semantic image, which may be the image of a specific
conductor, e.g. the image of a metal cable, insulated wire, uninsulated wire, etc.

The pseudoconcept does not have the link to the superordinate concept yet.

The sense S of the pseudoconcept “conductor of the electric current” consists of:

— the qualitative links to the potential qualities — “solid”, “liquid”, “gas”, which divide the set of the electric
conductors into the corresponding subsets. In case the referential concepts are not fully developed, the concept of
conductor of the electric current does not have fully developed the potential qualities. This is indicated by the
dotted-dashed arrows.

— the contextual links to the concepts “to flow”, “bulb”, “battery”, “electric circuit” “source of current”,
“accumulator”, etc., because the learner is able to state: “Current flows through the conductor.”, “Conductors
connect the bulb, battery and switch in an electric circuit”.

— the attributive link to the term “free electric particles” does not exist yet. The learners are not able to formulate for
example the following definition: “Conductor is a matter, which contains free electric particles.”

99 ¢

The meaning M of the pseudoconcept does not have fully developed all three meaning layers M1, M2, M3 — this is
indicated by the absent or dotted-dashed boxes. Furthermore, the learner does not have a clear hierarchy of the
referential concepts, designata and denotata, and he/she insufficiently distinguishes between them. Therefore, some of
the designata are not subordinate to the referential concepts, but they are linked directly to the core instead, and
similarly, some images of the denotata are not subordinate to the designata, but they are directly linked to the core.
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Figure 2.4: Triangular model of the pseudoconcept “conductor (of the electric current)”

The model shows the phase of the higher pseudoconcept. The boxes represent the components of the
concept structure (C — core of the concept, the set S1); the dashed boxes represent the subsystems (meaning
and sense); the oval boxes represent the referents, designata and the images of the denotata; the arrows
represent the links between the elements of the concept structure; the dotted box represents the whole
concept “conductor of the electric current”.
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The core C of the higher pseudoconcept “conductor (of the electric current)” consists of the word “conductor”, or the

a specific conductor e.g. the image of a cable, wire etc.
The pseudoconcept does not have the link to the superordinate concept yet.

The sense S of the higher pseudoconcept “conductor of the electric current” consists of:

— the qualitative links to the potential qualities — “solid”, “liquid”, “gas”, which divide the set of the electric
conductors into the corresponding subsets. In case the referential concepts are not fully developed, the concept
conductor of the electric current does not have fully developed potential qualities.

— contextual links to the concepts “to flow”, “bulb”, “battery”, “electric circuit”, etc., because we ca say: “Current
flows through the conductor.” and “Conductors connect the bulb, battery and switch in the electric circuit.”

— attributive link to the term “free electric particles” does not exist yet. The learners are not able to formulate for
instance the following definition. “Conductor is a matter, which contains free electric particles.”

The sense M of the higher pseudoconcept has all three fully developed sense layers M1, M2 and M3. The learner has
the hierarchy of the referential concepts, designata and denotata, so the linking of the designata directly to the core is
rare.

word “conductor of the electric current”. The representative semantic image of the pseudoconcept may be the image of
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Figure 2.5: Triangular model of the concept “ conductor (of the electric current)”

The model shows the fully developed concept. The boxes represent the components of the concept
structure (C — core of the concept, the set S1); the dashed boxes represent the subsystems (meaning and
sense); the oval boxes represent the referents, designata and the images of the denotata; the arrows
represent the links between the elements of the concept structure; the dotted box represents the whole
concept “conductor of the electric current”.
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The core C of the concept “conductor (of the electric current)” consists of the word “conductor”, or the word “conductor
of the electric current”. This term is not a physical quantity, so it does not have any symbol. The representative semantic
image has the fOrM e, Which is an electro-technical symbol for conductor.

The sense S of the concept “conductor of the electric current” consists of:

— the attributive link to the term ,,free electric particles“. In the definition “Conductor is a matter, which contains free
electric particles.” is “matter” superordinate concept and “free electric particles” an attribute.

— the qualitative links to the potential qualities — “solid”, “liquid”, “gas”, which divide the set of the electric conductors
into the corresponding subsets.

— the contextual links to the concepts “to flow”, “bulb”, “battery”, “electric circuit”, etc., because we can say: “Current
flows through the conductor.” and “Conductors connect the bulb, battery and switch in an electric circuit.”.

The meaning M of the fully developed concept has all three fully developed and hierarchically arranged meaning layers
M1, M2 and M3.
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Figure 2.6: Triangular model of the concept , matter”, which is superordinate to the concept
“conductor of the electric current”

The boxes represent the components of the concept structure (C — core of the concept, the set S1); the dashed
boxes represent the subsystems (meaning and sense); the oval boxes represent the referents, designata and the
images of the denotata; the arrows represent the links between the elements of the concept structure; the dotted
box represents the whole concept “matter”.
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The core C of the concept “matter” consists of the word “matter”. Because “matter” is a highly abstract concept on the
formal level, the core usually does not contain the representative semantic image.

The sense S of the concept “matter” consists of:
— the attributive link to the concept “mass”, because matter has a non-zero mass in contrast with field. In the statement

ELIT3

“Matter has a non-zero mass.”, “matter” is a superordinate concept and “mass” an attribute.
— the contextual links to the concepts “is”, “consists of”, “different”, “molecule”, “atom”, “form” etc., because we can
say: “Matter consists of molecules.” and “These matters are conductors.”.

CLINTS CLINT3

— qualitative links to the potential qualities — “conductive”, “non-conductive”, “semi-conductive”.

The meaning layer M1.1 also involves the referential concept “plasma”, which is considered to be the fourth state of
matter in modern physics.

In the meaning field, there are not depicted the lower meaning layers M2 and M3, which form a part of the meaning.

The meaning M of the concept “matter” also has another meaning field, which consists of the concepts “solids”,
“liquids” and “gases”.
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4. Developmental levels of mathematical and physical concepts

The triangular model of the concept structure describes the basic elements and links of the concept structure. The

individual concepts of the external and internal conceptual knowledge systems do not have to contain all

elements of their structure in specific cases, particularly in the development of the scientific concepts in the

history of sciences and in the education process. The analysis of the historical development of the external

conceptual knowledge systems leads to the distinguishing of several developmental levels of the physical and

mathematical concepts (see the figure 3). Some of these levels were identified in the study of the concepts of the

primary school pupils and secondary school students (Tarabek, 2005a, Tarabek 2007a, 2007b). The levels of the

concepts described in the text below have different characteristics depending on the analyzed course of

development. The following three courses of development have been studied so far:

1. the development of the external conceptual knowledge systems in physics,

2. the development of the mathematical concepts,

3. the development of the internal concepts of children in the language environment of the pre-school and school
education.

Therefore, the first two courses of the concept development have been denoted differently in agreement with
their characteristics. In this paper, we will attempt to unify the terminology with the original terms left as the
local terms for the individual courses of development.

Primitive level of concept

The primitive level of concepts corresponds to the primitive empirical level of the conceptual knowledge
systems.

The primitive empirical level of the external conceptual knowledge systems (ECKS) is the level of the cognition
coming directly from the experience, where the cognitive universe is reality. The set of the concepts consists of
the file of poorly differentiated specific concepts on a low level of abstraction with the dominant meaning links.
The concepts do not form a hierarchical system yet. The set of the links Re consists of the file of evident
empirical experiences — generalizations of the classes of specific observed and perceived facts. The facts concern
the observed phenomena, their course, attributes, connections, etc., as well as the properties of objects. This level
of ECKS is the first level of the spontaneous empirical cognition of the nature, which is not scientific yet,
although it enables the basic orientation in the world and thus guides the behavior of the cognitive agents. The
primitive empirical level existed in the first stages of development of the human communities.

Human effort leads to the creation of proper names of the originally unnamed objects, phenomena, plots and
situations. Later in the course of concept development, the names of classes of denotata were created. The
representative semantic images were incomplete, inaccurate and did not express all characteristics of a given
class of denotata. Because these concepts express the primary empirical generalizations concerning the observed
objects, phenomena and plots, we can denote them as the concepts on the primitive empirical level.

In relation to the internal conceptual knowledge systems, we can talk about the lower empirical level
corresponding to the common experience of a human being and the specifically used natural language. The
concept structure is dominated by the meaning links to reality; the sense links are restricted to the contextual
links of the natural language and some qualitative links (other links are only few). The core of concepts contains
predominantly incomplete representative semantic images and words; in some cases ICKS involves concepts
without any name. The experience, as the lowest form of knowledge, has the form of space-time links (often
incorrect). Other types of links include primarily causal links, which are observed first in the human community
and subsequently in the nature. The set Re also includes the experience expressing the attributes of the objects
and plots — the qualitative links. The experience of the localization and procedural links concerns the distribution
of the objects of the surrounding world and their behavior — processes. The dominant approach to reality is the
relational approach — i.e. the search for the relations and links between the objects, phenomena and plots.

The mathematic concepts are formed in the environment of the natural language by means of listening to the
names of mathematical objects and phenomena and assigning corresponding images to them. Because the images
are dominant for determining the membership in the class of denotata, we can talk about the visual level of
development of the mathematical concepts. For instance, in the beginning of its development, the concept of

a natural number comprise the image of the number of specific objects, which is in the mind linked to the
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corresponding name, e.g. “one candy”, “two candies”, etc. In the first stage, children use just the three numerals:
“one”, “two” and “many” (or “all”), which are fixed to the corresponding word denoting the object — finger,
candy, marble ... — similarly to the first stages of development of the human society. Gradually, the number of
the used numerals increases and their names may be disconnected from the names of the objects they were

originally linked to. This becomes evident by linking the names of numbers to other objects.
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In case the learning of a language or the education process is not accompanied by a sufficient imagination (if the
learning is not visual), the concepts acquire a different structure.

If a student reads or learns a definition of a term without the sufficient amount of illustrative examples, he/she
knows its name, link to the superordinate concept and qualities, but the images assigned to the name are only
indefinite and vague. In such cases the concept does not have any representative semantic image.

Similarly, a child listening to a speech of adults may remember a given word or phrase in connection with

a specific situation, phenomenon or plot. Subsequently, he/she uses the remembered word or phrase to name

a situation, phenomenon or plot resembling the former one and thus he/she verifies the validity of the name. The
original fixing of a specific word or phrase to a specific image is not always correct, because the specific
syncretic thinking of the child also adds incorrect and indefinite characteristics to is. We often witness the so-
called “child mistakes”, when a word, phrase or sentence is used inappropriately. After learning a language, the
child may have many contextual links to a given word, so that he/she is able to use it correctly — mainly in the
language environment with many stimuli. His/her speech is developed, but the object content of the used
concepts is poor — the meaning of these concepts contains just a narrow class of denotata. The structure of these
concepts resembles the shape of the letter “T” — they have a narrow meaning area and a wide net of contextual
links. Therefore, we can call them the “T-concepts”.

The concepts on the primitive level formed in the environment of the natural language or in the education
process are characterized by the word as the dominant element of their core. Therefore, we call them the word
concepts or W-concepts.

Empirical/imaginative level of concept

The empirical level of ECKS is in the initial stages of the extensively developing fields of science characterized
in the concept area by sorting the extensive file of studied objects and phenomena, differentiation, classification,
increasing the level of abstraction, and creation of a hierarchical system of concepts. Typical for the transition
from the lower to the higher empirical level is the sorting approach.

In the case of the basic sciences, for example physics, there is created a special group of generally described
objects and phenomena. These are described by the concepts, which have strong meaning links to reality
however many concepts have created sense links in the full range. This is evident from the creation of verbal
definitions and operational assignments. All attributes of objects and phenomena are studied, i.e. the set of
qualitative links is extended, and in connection with the development of the knowledge area, the cognitive links
are created. The core of concept consists of the word and representative semantic image. In physical conceptual
knowledge systems, this level is also called the empirical concept level. In mathematical conceptual knowledge
systems, this level is also called the imaginative concept level.

In the cognitive field, besides the relational approach, there is also exploited the lawfulness approach, i.e. the
cognitive agent searches in the studied universe certain laws. These laws have the form of the so-called ,,laws of
phenomenon®, or empirical causal laws of the type “phenomenon-phenomenon” or “entity-phenomenon”. The
laws of phenomenon are formulated as simple factual statements describing the attributes and behavior of the
objects, the course of phenomena, etc. In connection with Aristotle, these statements are of the type “Heavy
bodies fall downwards and light bodies (smoke) rise upwards.”, “Bodies fall downwards faster if they are
heavier, and slower if the resistance of the environment (determined by size of the body and the density of the
environment) is greater.” It is obvious that these are generalizations of empirical experiences coming directly
from observation. Similarly, the laws of the type ,,phenomenon-phenomenon® or “entity-phenomenon” are
formulated as simple factual statements describing the lawful links between specified classes of elements of
reality. A typical causal law of the type “phenomenon-phenomenon” is the explanation of the floods on the river
Nile by Thalet and Anaxagoras. Thalet claims (incorrectly) that the trade winds blowing against Egypt raise the
water in Nile, while Anaxagoras claims that “Nile raise in the summer due to the melting snow and heavy rains.”
An example of the causal law of the type “entity-phenomenon” is the Aristotle’s statement about “the force as
the cause of the motion”. These are the so-called forced motions — Aristotle divides motions into the natural and
forced ones — caused by forces. On the empirical level of ECKS, there are also the first principles, e.g. the
principle of causality, which is the basis of the causal approach to reality.

At the empirical level of the ECKS, there are besides the empirical laws also created simple verbal-imaginative
models of the observed reality, as for example the model of nature composed of atoms by Democritus, the model
of the universe by Herakleitos, the model of the development of the four seasons, etc. These models have an
explanatory function, i.e. they should explain the observed phenomena.

With regard to the need of notation of the mathematical concepts, there are created visual forms of the
representative semantic image — icons. Therefore, we also talk about the iconic level of concepts. The icons, in
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the course of development, quickly transform into numerals. The typical icons represent for example Babylonian
numerals, Mayan numerals, but also the geometrically arranged diagrams of dots (circles) used in the course of
mathematics instruction in the first grade.

Numerical icons for the numbers 5 a 7 c¢) Babylonian d) Mayan numerical
a) in the textbook b) in the paper (Kopaskova, 2006) numerical icons icons
(Tarabek, Kopeckova 2005) (The Mac Tutor, 2007)
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Imagination in the transition from the first to the second developmental level means creation of the
representative semantic image in the core of the concept. The representative semantic image is the visual
prototype of the concept containing the characteristics of the class of denotata. It is very important, because it
enables correct using of the concept according to the characteristics of the prototype. Therefore, we also call the
concepts at empirical/imaginative level the image concepts (I-concepts).

oo

Symbolical level of concept

The symbolical level is attained by those scientific concepts on the parametric level of the external conceptual
knowledge systems, which express physical and mathematical quantities.

Parametric level of the conceptual knowledge systems

The parametric level of the external conceptual knowledge systems is characterized mainly by the fact that the
natural (physical) laws are described by the mathematical language as relational or functional links between the
(physical) quantities. The laws, which had on the lower — empirical level the verbal form, attain by means of the
process of parametrization on this level the so-called parametric form (Tarabek, 1985) expressed usually by the
functional dependence F = (hy, h,,....h, ) =0, where h; (i = 1, 2,..., n) are the values of the parameters S;, S,,..., S,
describing the natural laws, processes, attributes of the objects, phenomena and the like. On the parametric level,
the nature becomes for the scientists the universe, which may be mathematically described. Indefinite verbal
concepts are exchanged for the accurate concepts of the physical quantities (Tarabek, 1988). Typical parametric
physical laws are e.g. the Galileo’s law of free fall, Kepler’s laws, Gay-Lussac’s volume law for gases, Proust’s
law and Dalton’s law, etc. The parametric level is further characterized by the fact that every law describes
certain specified class of phenomena and between individual laws there are no links. This level was attained for
instance by the pre-Newtonian mechanics or electrodynamics before Maxwell. Besides the lawful approach of
formulating laws in the mathematical language, there is also explanatory approach leading to creation
(construction) of the new concepts, links, models, principles and laws in the form of partial hypothesis
explaining the form and some existing laws. Besides the laws in the mathematical language, there are on the
parametric level also verbally formulated laws — principles. The parametric level of ECKS also contains the
space-time models of the studied universe, which form the framework for the physical parametric laws

The scientific concepts on the parametric level substantially differ from the concepts on the empirical level. The
formulation of the laws in the mathematical language assumes the change of the concepts.

The process of idealization leads to creation of the idealized concepts (i.e. concepts referring to the idealized
class of denotata) enabling the description of the phenomena by means of physical quantities. These concepts
are, for instance, distance, speed, acceleration, time, mass, momentum, force, etc. Many mathematical concepts
are also idealized concepts.

However, the process of idealization concerns also concepts, which do not describe physical quantities; in
physics, it is for example the concept of a point mass, solid body, centre of gravity, etc; in mathematics, the

LR N3 G

geometric concepts “line segment”, “point”, “line”, “triangle” etc.

The idealized concepts are abstract thinking constructions and their denotata are entities, unlike the concepts of
the empirical level, which are mostly material, i.e. their denotata are objects, phenomena and plots in reality.
Indefinitely defined concepts on the empirical level are on the symbolical level transformed into accurately
defined concepts linked to other concepts by means of accurately formulated definitions.
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The symbolization in the transition to the symbolical level means linking of the symbol to the core. It concerns
the concepts, which are physical and mathematical quantities. Therefore, these concepts are at symbolical level
of their development and we call them the S-concepts— symbol concepts. The idealized concepts on the
symbolical level, which are not quantities and are usually denoted as idealized mathematical or physical objects,
are called improper S-concepts, because these concepts (mainly in mathematics) often have in the core symbols
(e.g. the denotation of lines, line segments, points angles, sets, etc. by letters).

Structural level of the conceptual knowledge systems

The structural level of the conceptual knowledge systems is characterized by the creation of complex structures
of the scientific knowledge, which have the form of the closed scientific theories explaining all parametric laws
and rules discovered in the preceding stage on the parametric level of cognition. For example, mechanics
attained the structural level by the Newton’s theory, electrodynamics by the Maxwell’s theory. The structure of
the theory as a part of the ECKS consists of the basic physical principles, laws of conservation and basic
equations, which are integrated into the corresponding physical model of reality (e.g. Newton’s model of
absolute space, time and mass expressing invariant mechanic properties of the bodies and immediate distant
forces, i.e. the propagation of the force action by an infinite speed; or Maxwell’s model of ether). The structure
of ECKS further consists of the deductive links to the derived physical laws and rules, and physical equations
describing the course of the specific phenomena. On the structural level, there are no interpretations of a theory
yet, only its applications. The transition from the parametric to the structural level may be characterized as the
structuralization. It is connected with the explanatory approach, i.e. the explanation of the whole class of laws
discovered on the previous level on the basis of some general principle, law or theory.

At the structural level of the ECKS, the idealized concepts from the parametric level are completed into the
definitive form, which is characterized by the possibility of unlinking the meaning layers from the core. The
concept structure is dominated by the sense links integrating the concept into the structural net of the scientific
theory. The mind is able to work with the concept by means of the sense links within the structure ECKS even
without using its meaning.

The process of ideation leads to the creation of the new concepts — ideas necessary as the building blocks of the
new theory. An example of such a concept is the concept of energy in mechanics, “entropy” in thermodynamics,
the concepts of operators in quantum mechanics, etc. Another part of the theory is formed by the mathematical
concepts — ideas, which are incorporated in the basic laws (e.g. the concept of derivation, integral, rotation,
divergence, etc.)

Formal level of concept

The formal level of the external conceptual knowledge system is attained after the long process of development
of the corresponding physical theory. The foundation usually comprises the mathematical formalism of the
theory, which is, however, related to the space-time models of the studied universe, and therefore it is
illustrative. If the mathematical formalism of the corresponding physical theory is inappropriate, other
mathematical formal theories are exploited. After the formal level is attained, the physical theory becomes
independent of the opinion and the formalism enables to solve and study even such problems that are
inaccessible to the opinion. The formal physical theory is superordinate to the physical theories with the subject
content, which were formulated at the structural level, and to the theories, which developed it. It is a logically
consistent axiomatic theory with the subject content irrelevant and unnecessary. Typical for the formal theory is
the possibility of diverse interpretations into reality. The pure form of a theory at the formal level is represented
by the mathematical formal theories, which are not related to the subject content and enable a whole scale of
interpretations, which were demonstrated in the process of the physical cognition to be valid.

The scientific concepts of the formal theories at the formal level are through the process of for malization
deprived of their subject content, i.e. their meaning loses the original meaning links to reality. What remains, are
the sense links. Therefore, we call these concepts the formal concepts.

The formal conceptsas the idealized concepts and ideas without fixed meaning links enable the creation of

a number of meaning inter pretations, i.e. more files of the meaning links, which do not form a permanent part
of these terms, as for example in the case of the poly-semantic concepts with more meanings constituting the
meaning field. Thus the formal physical or mathematical theory may describe several models of the physical
reality or mathematical universe, which become the representations of the theory (Voight, 1981).
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WI SF-developmental levels of scientific concepts

The levels of the concept development described above concern the levels of concept development within the
cognitive process of science and at the same time the possible developmental levels of the scientific concepts
during the individual cognitive process of a learner in the course of education and instruction. According to the
initials of the terms “Word concept”, “Image concept”, “Symbol concept” and “Formal concept” we call them
the WISF-levels of the concept development and the process of their development the WISF-process.
1. Primitive (visual) level of concepts corresponds to the primitive-empirical level of the conceptual
knowledge systems.
2. Concepts attain the empirical/imaginative level at the empirical level of the conceptual knowledge systems.
3. Concepts attain the symbolical level at the parametric/symbolical level of the conceptual knowledge systems
and it is completed on the structural level.
4. Concepts might attain the formal level at the structural level of the conceptual knowledge systems, although
usually it is on the formal level of the conceptual knowledge systems.

The diagram in the figure 3 shows the WISF-developmental levels of the mathematical and physical concepts

(containing the description of the core and meaning only).

Figure 3: Physical/mathematical concept levelsin the process of their formation

L evels of the physical/math concept

1.

Primitive level

The core of the concept consists of the word name
only.

The meaning — concrete semantic images and their
links to the word

. Imaginative level

The core of the concept consists of the word and the
representative semantic image/semantic icon.

The meaning comprises a larger set of concrete
semantic images and their links to the core.

W

. Symbolical level

The core of the concept is composed of a word,
a symbol and a representative semantic image/icon.

The meaning is composed of the subordinate concepts,
(referents/designata) and the larger set of concrete
concepts, semantic images and their links to the core.
The core can be separated from the set of concrete
semantic images and the mind can independently
operate with it.

Concept “shape” — core and meaning

—

Core = word + icon %

Concrete semantic
images

Core = word +
symbol + icon

Core = word

Concrete semantic
images

Subordinate concepts / \

and semantic images / \
connected to the core of /
the concept ‘

Formal level

The core of the formal concept is composed of a word
and a symbol (there might be an icon too, but it is not
important).

The core is fully separated from the meaning layers
M1, M2, and M3, i.e. the usage of the formal concepts
in thought operations needs no meaning substructure.

The formal concept might have more meanings, which
are various interpretations of this concept’s core into
the reality. It can be a fictitious reality too.

Core = word + symbol
+ (icon) f E

Various interpretations of
the concept’s core into
reality
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WI SF-developmental levels of the concept “force”

1. Primitive level of the concept “force’

The primitive level of the concept “force” is created on the primitive empirical level of the conceptual
knowledge system. The concepts on this level are based on the specific empirical experience of a child observing
phenomena or experiencing situations, in which the corresponding objects and phenomena are named (by an
adult, friend, older sibling ...). Children on this level usually could not answer directly the question “What is a
force?” However, they knew the answer to the question: “Who is strong?”’ — “big boy”, “engine of a car”, “big
man”, “father”, “horse”. They answered the question “Why is he strong?” in the following way: “The boy,
because he beats me. He is stronger than me.”, “The father can lift me up.”, “The car is heavy and the motor can

move it. I am not able to push it.” (Tarabek, 2007d)

Figure4.1: Triangular model of the complex “force” at the primitive level

The rectangular boxes represent the components of the concept structure (C — core of concept, set S1); the
dashed boxes represent the subsystems (meaning and sense), the oval boxes represent designata and the
images of denotata, the arrows represent the links between the elements of the conept structure, the dotted
box represents the whole concept “force”. The model shows the concept “force” on the level of lower
complex.

Core C of concept “force”: Sense S of concept “force” (see the text below this figure)
—words W “strong”, “force” — contextual links and primitive operational links

— representative semantic image
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The core C of the complex “force” consists of the word “force” or the word “strong” (or the pair “force — strong”) and
the representative semantic image — the image of a strong man or machine, which manages to do things a weak man or
child does not.

The sense S of the complex “force — strong” consists of:
— the contextual links to the concepts “heavy”, “pull”, “push”, “lift up”, “work”, “beat”, etc.,
— the primitive operational links to the concepts “weak”, “big”, because the children “define” e.g. “The man is strong,

because he is big.”, “The father is strong, because he is not weak — he lifts up a heavy bag.”.

The meaning M of the complex “force — strong” involves objects, people and animals representing the expressions of
force — the concept is understood as an attribute of the person, animal or machine, which can push, pull, lift up or move
something the child cannot. This is evident from the answers like: “Horse is strong, because it pulls a carriage.”,
“Engine of a car is strong, because it moves a heavy car.”, “My father is strong, because he beats the weaker boy for
taking my ball.” The meaning also includes incorrect designata related to the fear and pain: the children answered for
instance: “The neighbor’s dog is strong, because it bites and I am afraid of it.”, “The cat is weak, I am not afraid of it.”,
“The bee is strong. When it stings me, I feel pain.” (Tarabek, 2007d)
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2. Imaginative/empirical level of the concept “force’

The imaginative/lempirical level of the concept “force” is formed at the empirical level of the conceptual
knowledge system. In the course of the school instruction, the concept of force is formed in the grades 6, 7, 8 —
usually as a complex or pseudoconcept. We will show the fully developed concept of force on the empirical level
as it was understood by Aristotle — the so-called Aristotelian level of the concept “force”. Aristotle, in agreement
with the general principle of causality “every motion is caused by the mover — kinoyon” understood force as the
cause of the forced motion. He distinguished natural motions — e.g. falling of heavy bodies and rising of light
bodies (smoke) — from forced motions — caused by a human, animal, water pressure, etc. The Aristotle’s concept
“force” is fully developed (it is neither a pseudoconcept nor a complex) and his law of force is a generalization
of the empirical experience that bodies moved only when there was a force acting upon them. When the force
stopped, the bodies gradually stopped, as well. This concept of force is incorrect from the point of view of the
Newtonian mechanics (it is a frequent misconception of pupils), and to differentiate it from the correct
Newtonian level, we also call the empirical level of the Aristotelian concept “force” the Aristotelian level
(Tarabek, 1988).

Figure4.2: Triangular model of the Aristotelian concept “force” at the empirical level

The model shows the fully developed Aristotelian concept “force”. The rectangular boxes represent the
components of the concept structure (C — core of the concept, set S1); the dotted boxes represent the
subsystems (meaning and sensel), the oval boxes represent the designata and images of the denotata, the
arrows represent the links between the elements of the concept structure, and the dotted box represents the

whole concept “force”.
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The core C of the Aristotelian concept “force” consists of the word “force” and the representative semantic image — the
image of the force as the cause of the violent motion caused by a human, animal, flow of water, etc.

The sense S of the concept “force — strong” consists of:

— the contextual links to the concepts “to move”, “to pull”, “to push”, “to lift up”, etc.,

— the attributive and operational link to the concept “violent motion”. In the Aristotelian definition “The force is the

cause of the (violent) motion”, “cause” is a superordinate concept and “(violent) motion” an attribute of the force,
— the cognitive link “force causes motion”, i.e. F = motion.

CLINT3

The meaning M of the Aristotelian concept ,,force* consists of the designata “human force”, “animal force”, etc., and
the denotata — the specific manifestations of the force. The class of referential concepts is empty due to the insufficient
knowledge about force.
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3.1 Symbolical level of the concept “force” at the parametric level of CKS

The symbolical level of the concept “force” is formed on the parametric level of the conceptual knowledge
system, and in the history of physics, during the period immediately preceding Newton and during the Newton’s
discoveries of the laws of the classical mechanics. The concept of force and the assigned concepts “friction”,
“resistance of the environment”, “displacement”, “velocity”, “acceleration” and “matter” had to pass through the
process of idealization to become physical quantities. The trajectory of the body had to be described by a curve,
i.e. one-dimensional mathematical object. The change of motion was indicated by the change of the velocity of
the body, i.e. acceleration, deceleration or curving of the trajectory. The velocity and acceleration were described
by mathematical definitions. The matter of the body was determined by its mass as a physical quantity. In
addition, the observed phenomena — decelerated, steady and accelerated motion — had to be analyzed with regard
to the acted forces. It had to be discovered that the deceleration of the motion, after the force keeping the body in
motion stops acting, is caused by friction or resistance of the environment. Therefore, the forces started to be
differentiated into the forces causing the change of motion, and the forces obstructing the motion (friction,
resistance of the environment).

The analysis of the motions of bodies on an inclined plane and free falling bodies led Galileo to the formulation
of the law of free fall, but also to the classification of motions into inertial motions — the motion of a ball on

a horizontal plane without friction (and also the motion of the celestial bodies), acceleration — the motion of

a ball on an inclined plane and deceleration — the motion of a ball on an inclined plane upwards. Subsequently,
René Descartes defined the inertial motion as a rectilinear steady motion, which is possible only when the
resistance of the environment and friction are zero. At the same time, he realized the time effect of force (i.e. the
impulse F. £) is proportional to the product of the mass and velocity (i.e. the momentum m .v). Thus, he
disproved the Aristotle’s empirical generalization that the velocity of motion is proportional to the acting force.
Afterwards, Newton extended Galileo’s notion of inertia to the all kinds of motions without acting force and
formulated the law of inertia. The resistance of a body to the change of motion — its inertia — might be
understood in the Newtonian conception as a fictitious inertial force, which prevents the acting force to change
its motion. In some case, the inertial force appears to be real, for instance when a bus accelerates or decelerates
(we feel the force moves us backwards or forwards). Similarly, the inertial force appears to be real in rotating
systems — merry-go-round, centrifuge, etc. Newton then correctly understood force to be the cause of the change
of motion (i.e. the case of the cause of acceleration, deceleration or curving of the trajectory), and not the cause
of the motion itself as it was in the case of Aristotle. The question was what was the mathematical dependence of
the change of motion (i.e. acceleration) on the magnitude and direction of the acting force. For the formulation of
a hypothesis, it was necessary to analyze motions exposed to various forces (e.g. forces causing the motion of

a body and forces obstructing this motion), and therefore Newton had to formulate and understand the law
composition of forces. Newton then correctly assumed that the change of velocity, i.e. acceleration, is directly
proportional to the magnitude of the acting force (a ~ F), and has the same direction. Newton understood mass as
the “magnitude of the matter of a body” — quantity expressing invariant mechanic properties of the body, e.g. its
resistance to the change of motion through an acting force. Newton had to find out, what is the mathematical
dependency of the change of motion (indicated by the change of velocity) on the mass of the body. He assumed
that it is an indirect proportion, i.e. the change of velocity a ~ 1/m, which was confirmed by the observations and
experiments. The two hypothesis combined together led to the formulation of the second Newton’s law
F=m.a*3

The concept of force in the Newtonian mechanics is fundamentally different from the concept in the Aristotelian

mechanics. We call it the Newtonian level of the concept of force. To understand it, students:

. have to transform all the other concepts related to force through the process of idealization (see fig. 4.3),

. have to understand to law of conservation and the essence of the inertial force,

. have to distinguish between the forces causing the motion of a body and the braking forces,

. have to be able to analyze the motion of a body exposed to these two types of forces,

. have to know and understand the law of composition of forces,

. should formulate the hypothesis concerning the direct proportion a ~ F and indirect proportion a ~ 1/m,

. should understand that the change of motion has the same direction as the acting force,

. should formulate the II. Newton’s law on the basis of the preceding knowledge,

. should understand the need to verify the hypothesis; it may be demonstrated, how the hypothesis F = m.a was
tested by the explanation of the motion of celestial bodies assuming the Newton‘s law of gravitation and the
law of action and reaction.

O 01N Lt A WIN—

This procedure prevents the prevailing Aristotelian misconception in the thinking of students, and creates the
correct Newtonian level of the concept of force, as well as a sufficient understanding to the laws of the
Newtonian mechanics. Since it is quite demanding, it is not suitable in the full range before 10th grade of
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education. The steps 2 — 6 may be completed sooner (e.g. in 7th grade) in the form of qualitative reflections and
related qualitative knowledge.

*3 The described procedure models the creation of the second Newton’s law on the basis of a historical analysis.

Figure4.3: Triangular model of the Newtonian concept “force” at the symbolical level

The model shows the fully developed Newtonian concept “force”. The rectangular boxes represent the
components of the concept structure (C — core of concept, set S1); the dotted boxes represent the
subsystems (meaning and sense), the oval boxes represent the designata and images of the denotata, the
arrows represent the links between the elements of the concept structure, and the dotted box represents the

whole concept “force”.
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The core C of the Newtonian concept “force” consists of the word “force”, symbol F and the representative semantic
image — the image of the forces causing acceleration, deceleration or curving of the trajectory.

The sense S of the concept “force” consists of:

EERNT3 CLINT3

— the contextual links to the concepts “motion”, “change”, “to act”, “acting”, “body”, , etc.,

— the qualitative links to the actual qualities “magnitude (of force)”, “direction (of force)”, “point of application”,
which are related to the fact that the force is a physical quantity acting on a specific physical object,

— the potential qualities “real, i.e. gravitational, push, friction, resistance” and “inertial”, which divide the force into the
class of referents M1,

— the attributive link to the concept “change of the motion”. In the Newtonian conception, which may be considered to
be the definition of force: “Force is the cause of the change of the body’s motion.”, “cause” is a superordinate
concept and “change of the motion” an attribute of force.

— the cognitive links to “acceleration or deceleration of a body is proportional to the acting force (a ~ F) and it has the
same direction”, “acceleration or deceleration of a body is indirectly proportional to the body’s mass” (a ~ 1/m),
given by the II. Newton‘s law F'=m .a., as well as the opposite link “force causes the change of the motion, i.e.

F = a, where a s the vector of acceleration, which may cause acceleration, deceleration or curving of the body’s

trajectory”.
The meaning M of the Newtonian concept “force” consists of the layer M1 — referential concepts “real forces” and

“inertial forces”, layer M2 — designata “gravitational force”, “push force”, “pull force”, “friction force”, “resistance of
the environment” or “deformation force”, and denotata — specific forces.




Educational and Didactic Communication 2007, Vol. 2 — Cognitive analysis and triangular modeling of concepts

3.2 Symbolical level of the concept “force” at the structural level of ECKS

The symbolical level of the concept “force” at the structural level of the conceptual knowledge system
represented by the mechanics, electromagnetism, nuclear physics and physics of the elementary particles differs
from the previous model in the fig. 4.3 primarily by the extended meaning with the meaning field, which has
more classes of referential concepts. The extended meaning is also associated with the extended set of links to
the corresponding potential qualities.

The main class of the referential concepts comprises the basic physical interactions — forces, namely the
gravitational, electromagnetic, weak interaction and nuclear forces (strong interaction).

In the classical mechanics and electromagnetism, we distinguish the following classes of referential concepts:
real forces: distant forces— gravitational, electric, magnetic,

contact forces — push, pull, friction, resistance of environment; and

fictitious forces: inertial, centrifugal and Coriolis force.

The theoretic mechanics distinguishes e.g. external forces acting on a system of bodies and the internal forces
acting between the bodies of the system.

Another difference is the transformation of the concept “force” into the primary concept without the
superordinate concept, which is in agreement with the conception of the modern physics, in which force is
defined by a physical formula (see paragraph 4 Formal level of the concept “force”). In the conception of the
modern physics from the end of the 20th century, the concept of distant forces is substituted by the concept basic
physical interaction.

The model in the fig. 4.3 mentions only the kinetic effects of force. The attributes of force also involve the
distortional effects of force, which are related to the cognitive links to the magnitude of the deformation and the
Hook’s law).

In addition, the attributes of force include the kinetic effects connected with the rotational motion related to the
operational definition of the moment of force, the effects of force in liquids and gases related to the operational
definition of pressure. Correspondingly, the class of the referential concepts is extended to contain the buoyancy
forces acting when bodies float and the resistance forces acting when liquid flows around bodies.

4. Formal level of the concept “force”

The formal level of the concept “force” is attained on the formal level of the conceptual knowledge system
represented by the theoretic mechanics.

We shall demonstrate the inclusion of force into the sum of knowledge and concepts on an example of a
gravitational field around a big body — e.g. the Earth, and a small free falling body (directly to the centre of the
big body) with the mass m, e.g. a meteoroid, which did not reach the atmosphere yet, so that its motion is not
braked. We shall exploit only the knowledge of the secondary school physics.

The kinetic energy of the falling body E = % m.v* is increasing (v = g.t is the instantaneous speed of the fall,
g is the gravitational acceleration, # is the time).

After the substitution for v, we have the energy £ =" m.g” ¥ =" g £ . mg=x . mg , where x = % g’ is the
distance of the free fall.

The derivation of the kinetic energy with respect to the distance x is dE/dx = m.g. According to the second
Newtonian law, the force acting on the body with acceleration g is F'= m.g. Thus we have dE/dx = F.

According to the law of energy conservation, the sum of the kinetic energy £ and potential energy W of the body
has to be constant, and so the potential energy ¥ of the meteoroid decreases equally as its kinetic energy
increases. The force F acting on the body in the gravitational field is equal to the differential change of the
potential energy of the body (i.e. the product of the gravitational potential and the mass of the body)

F =—dW/dx. Because the derivation d W/dx is negative and the force F is positive, the sign in the formula has to
be minus.

Force in the theoretic mechanics is defined analogically. The force in an electric or magnetic field is defined by
a physical formula, too.

Force in the formal conceptual knowledge system is a formal concept defined in terms of other concepts by
means of an operational definition. It is linked to other concepts, e.g. intensity, potential, mass, acceleration, etc.
through the sense links by means of physical formula; within the conceptual knowledge system it is used without
any specific meaning interpretation. The meaning interpretation of force differs from case to case.
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5. Cognitive analysis and triangular modeling of the concept
structurein thecurricular process

The triangular modeling may be used as one of the transformation methods, particularly in connection with the
transformation T2 in the course of the didactic communication related to the creation of the educative model — it
corresponds to the curriculum transformation CT2 = conceptual curriculum — intended curriculum (Zaskodny,
2007, Tarabek 2007¢).

The triangular modeling may be used for the cognitive analysis of the internal concepts of the learners during the
transformation T4 in the course of the instruction, and for finding out the quality of the outputs of the
educational process — the implemented curriculum, particularly for:

1. finding out the structure and level of the input concepts and preconceptions of the learners,

2. finding out the structure and level of the output concepts of the learners after finishing the given stage of the
instruction process. The model is very efficient for detecting the causes of formation of misconceptions, i.e.
erroneously formed concepts and knowledge in the course of the school instruction (Adaméikova, Tarabek
2007).

The procedure of cognitive analysis within the curricular process is the following:

1. The first step is the cognitive analysis of the external concepts, which should form a part of the curriculum.
We analyze the elements of the concept structure according to the triangular model. By means of the cognitive
synthesis, we create triangular models, which may differ in dependence on the Vygotian stage of the concept
formation, WISF-level of the concept development, or stage of the didactic communication of the concept.
During the analysis, we search for the elements of the triangular model, and during the synthesis, we compose
them to form the model. In this step, due to the lack or even redundancy of information selected from the
external CKS, we have to make use of the information about the internal CKS from the cognitive research,
too.

2. After finding out the structure of the selected concept, its possible developmental levels and possible forms for
the various stages of the didactic communication, during the process of the cognitive synthesis, there are
created — according to the triangular model — the specific models of the concept structure appropriate to the
cognitive level of the learner. The created models are verified and arranged according to the experimental data
from the cognitive tests, from the conversations with the respondents, or from the visual and graphical
creations of the learners.

3. In the process of the didactic synthesis, the structural conceptual units (knowledge objects) are constructed as
the elements of the didactic conceptual knowledge system — the intended curriculum. The verified models of
concepts are integrated into them.

4. The structural knowledge units are the basis for the creation of the structural units of the curriculum (learning
objects) during the transformation T3 — the curriculum transformation CT3 = intended curriculum — project
curriculum *4.

*4 The structural knowledge units are the conceptual knowledge micro-systems including the relatively independent
compact subsystem of the concepts and knowledge, which is the element of the whole CKS. After its transformation into
the structural unit of the curriculum (learning object) as a part of the curriculum or the text in a textbook, this relatively
independent part with a title forms e.g. a chapter in the textbook (Tarabek, 2007¢). In the matrix method of the modeling
of the curriculum structure, the structural unit forms an independent micro-matrix (Zaskodny, 2007).

Cognitive analysis and the modeling of the concept “for ce”

This concept and the related knowledge are instructed from the 6th grade till the 12th grade.

The cognitive analysis and the triangular modeling of the concept “force” is described in the chapter 4 in the part
WISF-developmental levels of the concept ,,force. The analysis of the developmental levels found out two
different levels of the development of the concept “force”, which were also found out during the testing of the
knowledge of the pupils of the primary and secondary schools:

— The Aristotelian (ancient) level of the concept “force” — described in the fig. 4.2; this level as the mental
representation of the concept “force” and the related knowledge in the minds of the learners is a
misconception;

— The Newtonian level of the concept “force: — described on the pages 129 and 130 and in the figure 4.3.

At the high schools, the symbolical level of the concept “force” is instructed at the structural level of the
conceptual knowledge system represented by the mechanics, electromagnetism, nuclear physics and physics of
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the elementary particles, which differs from the Newtonian level by the extent and absence of the superordinate
concept — the details are presented on the page 131.

The papers by Tarabek (1988, 2005), Tarabkova (1986) and Butkova (1988) present the outcomes of the tests
focused on finding out the Aristotelian and Newtonian levels. As an example, we present the outcomes of the
two tasks, which represent best the development of the concept ,,force* during the instruction process at the
primary and secondary schools.

On the question “How does force acting on body manifest itself?”, the cognitive link between the force and the
motion of the body was tested.

On the Newtonian level, this link has the form F = q, i.e. “force causes the change of motion of the body
(acceleration, deceleration or curving of its trajectory)”. On the Aristotelian level, this link has the form
F = motion, i.e. “force causes the motion of the body”.

The column 6 — The answers were classified as belonging to the Newtonian level if they contained at least one of
the changes of the motion: acceleration, deceleration, curving of the trajectory (the last indication was very rare).

The column 5 — The answers were classified as belonging to the Aristotelian level if they involved the
expression F = motion, there were some expressions of the kind “acting force manifests by causing a motion”
and “The bodies start moving.”. Since the pupils in the 7th grade learn that “force has shifting effects — it can
accelerate, decelerate or stop the motion of a body”, and the students of the 9th grade learn that “the result of a
mutual force action may be the deformation of the corresponding bodies or the change of their motion”, these
answers were evaluated as Aristotelian.

The column 4 — The answers of the sort “force action manifests by the deformation of the bodies” were
evaluated independently.

The column 3 — The answers, which might be correct statements, but did not answer to the question correctly,
were evaluated as incorrect or inappropriate, e.g. “force is acting by certain pressure”, “force manifests by an
increase in energy”, “bodies are attracted and repulsed”.

The column 2 — zero answers — respondents did not answer at all.
The column 1 presents the total number of respondents in the given age bracket.

The numerical data in all columns present the percentage of the answers from the total number of respondents in
the column 1, which belong to the corresponding category and age bracket. The column 1 presents the number of
respondents in the specific age bracket. The column 2 presents the percentage of the zero answers (no answer),
and the column 3 presents the percentage of the incorrect and incomprehensible answers, which could not be
evaluated with regard to the inclusion into the columns 4, 5 and 6.

Table 2: The answers to the question “How does force acting on body manifest itself?”” (Tarabek, 2005)

number of column 1 2 3 4 5 6
number of respondents — N N Zero incorrect answer answer on the answer on the
age of respondents answer answer “deformation” | Aristotelian level | Newtonian level
grade 6 370 16,0 % 35,1 % 4,3 % 44,1 % 0,5 %
grade 7 307 13,7 % 12,4% 15.3% 54,4% 4,2 %
grade 8 264 10,6 % 8,7% 26,3% 51,0% 3.4 %
grade 9 209 7,6 % 2,5% 2,9% 54,5 % 32,5%
grade 10 221 4,4% 2,7 % 4,4% 63,4 % 253 %
grade 11 115 2,6 % 0,9 % 2,6% 65,2 % 28,7 %
grade 12 187 2,7% 2,1 % 4,3% 63,6 % 27,3 %

The task “Sketch in all forces acting on the ball in the figure!” tested the cognitive link between the motion of
the body and the force. The text to the figure: A ball rolling steadily to the right on a frictionless horizontal

plane. O
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The column 6 — On the Newtonian level, the students drew either just the force of gravity F, directed
downwards, or the force F' directed to the right and the frictional force F; of the same magnitude to the left, or
both possibilities. The forces were often denoted by symbols.

@ <
The column 5 — On the Aristotelian level, the students drew only the force in the direction of the motion, only

the frictional force, or both forces having unequal magnitude. Whether they also drew the force of gravity or not
did not influence inclusion into this category of solutions.

ﬁ@ <O Q_>

The column 3 — The students only wrote the name of a force, e.g. “inertial force”, “frictional force”.

The column 2 — The students did not solve the task — they did not draw any forces and write any names.

The numerical data in all columns shows the percentage of the answers from the number of respondents
presented in the column 1 and included in the corresponding category and age bracket. The column 1 presents
the number of respondents in the specific age bracket. The column 2 presents the percentage of the zero answers
(no answer), and the column 3 the percentage of incorrect or incomprehensible answers, which could not be
evaluated with regard to the inclusion into the columns 4, 5 and 6.

Table 3: The solution of the task “Sketch in all forces acting on the ball in the figure!” (Tarabek, 2005)

number of column 1 2 3 4 5 6
number of respondents — N N Zero verbal answer on the answer on the
age of respondents answer answer Aristotelian level Newtonian level
grade 6 370 332 % 18,1 % 46,5 % 22 %
grade 7 307 20,8 % 24,8% 41,0% 13,4 %
grade 8 264 21,6 % 9,1% 61,7% 7,6 %
grade 9 209 33% 29% 72,2 % 21,6 %
grade 10 221 0,0% 2,7% 67,8 % 29,5 %
grade 11 115 2,6 % 1,8 % 67,8 % 27,8 %
grade 12 187 2,1 % 0,6 % 86,1 % 11,2%

Development of the concept “force’ —transition from the imaginative-empirical
(Aristotelian) level to the symbolical (Newtonian) level

The developmental trends of the concept “force” and related knowledge may be characterized, besides the
gradual increase of the whole volume of the knowledge, by the fact that the knowledge corresponding to the
Aristotelian (ancient) level of thinking, which may be denoted as Aristotelian misconceptions, contrary to the
expectation, do not decrease, but increase in volume, and considerably predominate the correct knowledge of the
Newtonian level. Similar trends of development were found out in the solutions of other tasks (Tarabek,

1988) and in other papers (Hejnova, 1984, Nachtigall, 1981), while misconceptions of this kind were found out
in the thinking of 49% students of teaching on the MFF UK (currently FMFI UK) (Tarabek, 1988). Similar
results concerning misconceptions of the students of physics in the beginning of their university studies were
found out in other papers, as well (details in the paper by Adamcikova and Tarabek, 2007). Newer research of
misconceptions (Hestenes at all, 1992, Sharma, 2007) confirms that the situation has not changed since then
much.

The Aristotelian level of thinking in mechanics is natural, because it is based upon the common experience of
a cognitive agent, who generalizes the observed phenomena and creates the first primitive empirical laws.
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The transition to the Newtonian level, which is at the same time the transition from the empirical to parametric
or even structural level of the conceptual knowledge system of a student, assumes a qualitative change in
thinking, and a complex reconstruction of the original concepts and knowledge.

The creation of a valid CKS on the parametric level in the thinking of the students, which is in physics

represented by a Newtonian conception, assumes several steps. Students:

1. have to pass through the process of concept idealization in the concept field,

2. have to understand the law of inertia and the essence of the inertial force as a fictitious force in the non-inertial
systems,

. have to distinguish the forces causing the motion of a body from the brake forces,

. have to know how to analyze the motion of a body due to these forces,

. in connection with the previous step, have to know and understand the law of composition of forces,

. should formulate the hypothesis about the direct proportion a ~ F, and indirect proportion a ~ 1/m,

. should understand that the change of the motion has the same direction as the acting force,

. should compose the second Newton’s law on the basis of the previous knowledge.

. To make them understand that any hypothesis needs to be verified, it might be demonstrated how the
hypothesis F'=m . a was tested by means of studying and explaining the motions of the celestial bodies,
which assumes the knowledge of the Newton’s law of gravitation, and the law of action and reaction.

O 001N LN bW

Because this procedure is rather demanding, in the full range, it is suitable for the 10th grade of the school
education. The steps 2 — 6 may be completed sooner (e.g. in the 7th grade), in the form of qualitative reflections
and the related qualitative knowledge

Developmental misconceptions

We can say that the concept development pass through several developmental levels in the course of the school
education. Therefore, the primitive and empirical level of concept’s development is no shortcoming in the
concept thinking if they represent only transitional levels. However, if they represent the final state of the
concept development, then they constitute the concept misconceptions. The final state of primitive or empirical
level of concept in the mind of students can be called as developmental misconception.

Development of the physical concepts according to the Vygotian phases

The papers by Tarabek (1988, 2005) analyzed tests which studied the formation of some concepts according to
the Vygotian phases — complex, pseudoconcept, and concept — in the course of the secondary and high school
education (Tarabkova, 1986, Butkova 1988, and Ml¢uchova 1988). Because the phases of the higher and lower
complex and pseudoconcept were not defined yet, the studies distinguished only the phases of the complex,
pseudoconcept and concept. The individual tasks tested only some of the elements of the concept structure: e.g.
the meaning (See Table 1 in the chapter 3, page 114), the attributes and the link to the superordinate concept
(See Tables 4, 6, 7, pages 136, 138, 139), and the representative semantic image (See Table 5 at page 137). Other
concepts were studied as well (voltage, inertia, frictional force).

It was demonstrated that although the portion of the zero and entirely incorrect answers with the age decreases,
the portion of the complex phase of the concept does not change much in the course of the secondary and high
school (sometimes it increases, sometime decreases, sometime the change is not distinctive). The portion of the
pseudoconcept phase has an increasing tendency, however, not in all cases. The percentage of the fully
developed concepts was striking. Independently of the concept studied, the phase of the fully developed concept
was attained in the 12th grade only by approximately few percents of students (with the exception of the concept
»conductor of the electric current™, where it was 12%). It means that although the education has a positive effect
on the concept formation, the physical concepts of majority of the graduates is developed at the level of complex
or pseudoconcept, i.e. an incomplete phase of concept.

Vygotian misconceptions

We can say that the concept formation inevitably follows the Vygotian phases. Therefore, the complex concepts
and pseudoconcepts are not shortcomings in the concept thinking if they represent only transitional phases.
However, if they represent the final state in the concept development, then they constitute the concept
misconceptions. The final state of complex or pseudoconcept phase in the mind of students can be called as
Vygotian misconception.

The solution of the problem of misconceptions requires a cognitive analysis of the key concepts of the
curriculum, which are usually on a higher level of abstraction, and are more demanding. Subsequent procedures
of the problem solution were not realized so far, and will be the subject of further studies.
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Analysis of thetest’s questions

The question “What is the electric current?” was focused on the attributive links and the link to the superordinate
concept. The concept “electric current” has the superordinate concept “motion” and the following attributes:

1. It has to be the motion of the free electrically charged particles (this is coded in the word “electric”).

2. It has to be a directed motion (this is expressed by the word “current”).

The correct definition should be: “The electric current is a directed motion of free electrically charged particles.”
This answer or its variants expressed in a more specific form are contained in the last column 5 in the table 4.

The answers at the level of the pseudoconcept (the column 4) had the link to the superordinate concept, but one
of the attributes was absent. For instance: “The electric current is a motion of free electrons or ions.” — This
answer also shows the knowledge of two referents: the current consisting of electrons and the current consisting
of ions. Other answers: “The electric current is a directed motion of free particles.”, “The electric current is

a directed motion of electrons.”

The answers at the level of complex (the column 3) were incomplete in the sense that there was no the link to the
superordinate concept and the absence of the attributes was also obvious. Typical answers: “The electric current
is used as a drive of engines, ships, etc.”, “The electric current flows through a conductor between the poles of
the source.”, “The electric current lights up bulb, moves a machine, ...”, “The electric current is a physical
quantity.”, “I=U/R”, “I=Q/t”. The last two types of the answers were rare, however, they were classified as
complexes (although the formulas are correct), because the links to the superordinate concept and the attributes
were not clear in them.

The numerical data in all columns show the percentage of the answers (from the given number of respondents
presented in the column 1) classified as belonging to the corresponding category and age bracket. The column 1
presents the number of respondents in a given age bracket. The column 2 presents the percentage of the zero
answers (no answers) and the incorrect or incomprehensible answers, which could not be evaluated as far as the
inclusion into the columns 3, 4 and 5 was concerned.

Table 4: The answers to the question “What is electric current?”

column 1 2 3 4 5

age of respondents number of zero/incorrect answer at level answer at level answer at level
respondents answer of complex of pseudoconcept of concept

grade 8 315 47,3 % 16,9 % 27,9 % 7,9 %

grade 9 200 38,5 % 9,0 % 50,5 % 2,0%

grade 11 218 5,5% 9,3 % 73,9 % 11,3 %

grade 12 200 7,5 % 4,5% 80,0 % 8,0 %
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The task “Which bulb will light up the first after switching on? Give reasons for your answer!” tested the
representative semantic image of the concept ,,electric current”. Three numbered bulbs were connected in
a series in a closed circuit with a unidirectional source. [ ® ® ®

1 2 3
4%
+ '
The complete representative semantic image should comprise the correct image of the motion of electrically

charged particles in a conductor, which due to the electric field (propagating at speed of light) begin to move at
the same time (at least in the common electric circuits, where the delay is negligible as the students learn).

The answers at the level of concept (the column 5) expressed the image of a correct representative semantic
image together with the correct explanation.

The answers at the level of pseudoconcept (the column 4) expressed the correct representative semantic image,
but the explanation was insufficient, incorrect or referred to a specific experience. For example: “The bulbs are
light up at the same time, because the current in the circuit is constant.”, “When I switch on a chandelier with
several bulbs, they are also light up at the same time.”, “At the same time, because the current in the circuit starts
at a time and stops at a time.”, “Because the current propagates at the speed of light and we would not notice the
difference in lighting up.” (Not the current, but the electric field propagates at the speed of light.)

The answers at level of the complex (the column 3) were incorrect, because though they expressed the image of
a “slow” motion of the electric current (which is correct), they did not consider the speed of light, by which the
electric field in the conductor propagates. Examples of the answers: “The bulb 1 lights up as the first, because
the electric current flows through it as the first.”, “The bulb 1 lights up as the first, because the current flows
from + to —.”, ,,The bulb 3 lights up as the first, because the current flows sooner through it.”, “The bulb 3 lights
up as the first, because the current is the motion of negative particles, which move from + to —.”

The numerical data in all columns present the percentage of the answers (of the given number of respondents in
the column 1) included in the corresponding category and age bracket. The column 1 presents the number of
respondents in the specific age bracket. The column 2 present the percentage of the zero answers (the pupils did
not answer) and the incorrect or incomprehensible answers, which could not be evaluated as far as the inclusion
into the columns 3, 4 and 5 was concerned.

Table 5: The solutions of the taks “Which bulb lights up as the first after switching on? Give reasons for your
answer!“ Three numbered bulbs were connected in a series in a closed circuit with a unidirectional source.
column 1 2 3 4 5

age of respondents num. of zero/incorrect | answer at level answer at level answer at level

respondents answer of complex of pseudoconcept of concept

grade 8 315 32% 45,7 % 45,1 % 6,0 %
grade 9 200 5,5 % 60,5 % 27,0 % 7,0 %
grade 11 218 4,1 % 58,7 % 25,7 % 11,5%
grade 12 200 2,0% 63,0 % 29,5 % 5,5%
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The task “Explain from the physical point view, why it is more secure to jump from a great height into water
than on a concrete floor!” tested the attribute of force, which is the fact that it expresses the mutual interaction
between physical objects.

The correct answers at the level of concept (the column 5) explained the situation by means of the brake forces
arising after the fall into the water (the forces are smaller), and on the concrete (the forces are much greater).

The answers at the level of pseudoconcept (the column 4) explained the situation by the different magnitude of
the slowing down in the water and on the concrete, which implied forces of different magnitudes. The attribute
was presented indirectly — and so its link to the core of the concept “force” was insufficient.

The answers at the level of complex (the column 3) explained the situation by the smaller resistance of the water,
hardness of the concrete, a greater resistance of the water in comparison with the air — i.e. without any link to the
attribute of force. We can infer that the pupils and students had developed no attribute of force in their concept
structure.

The numerical data in all columns show the percentage of the answers (from the given number of respondents
presented in the column 1 classified as belonging to the corresponding category and age bracket. The column 1
presents the number of respondents in a given age bracket. The column 2 presents the percentage of the zero
answers (no answers) and the incorrect or incomprehensible answers, which could not be evaluated as far as the
inclusion into the columns 3, 4 and 5 was concerned.

Table 6: The solution of the task “Explain from the physical point of view, why it is more secure to jump from
a great height into a water than on a concrete floor!”

column 1 2 3 4 5

age of respondents number of | zero/incorrect | answer at level answer at level of answer at level
respondents answer of complex pseudoconcept of concept

grade 8 315 43,2 % 44,9 % 11,8 % 0,5 %

grade 9 209 41,5% 44,8 % 8,2 % 0,5 %

grade 11 115 49,3 % 33,9 % 11,3 % 1,0 %

grade 12 187 48,2 % 37,9 % 11,8 % 2,1 %

138



Educational and Didactic Communication 2007, Vol. 2 — Cognitive analysis and triangular modeling of concepts

The question “What is a force?” tested the attribute of force — the interaction between physical objects and the
link to superordinate concept. Students do not learn to explain force as a cause of the change of the motion, so
their definition cannot contain the superordinate concept “cause”. This is in agreement with conception of the
modern physics, in which force is a primary concept, i.e. it has no superordinate concept, and it is defined either
by means of a formula (See The formal level of the concept “force” in chapter 4, page 131), or by a concept
subordinate to the concept of interaction. The students cannot know this definition. However, the students feel
the link of force to the concept “the cause of a change of motion of bodies or the cause of a deformation” and
describe it by specific expressions, e.g.: “A force is something, which acts on the body and may change its
motion or cause its deformation.”, “It is a physical quantity. If we act on the body by a force, it results in the
change of its motion or in its deformation.” Such answers were classified as belonging to the last column 5.

The answers at the level of pseudoconcept (the column 4) were characterized by the knowledge of the attribute
“action” however, no information about the link to the superordinate concept (understood as the cause of a
change of motion) was there. Examples of such answers: “If the body starts moving with a speed v, there is

LR I3

a force F acting on the body.”, “A force is a certain pressure on an object, which cause its motion.”, “A force is

LR I3

a vector physical quantity. It is a measure of action upon a body.”, “A force is an acting upon a body.”

The answers at the level of complex (the column 3) did not mention the attribute of force, e.g.: “A force is
a physical quantity determined by its direction, magnitude and point of application.”, “A force is given by the
product F=m . a.”

The numerical data in all columns present the percentage of the answers (from the given number of respondents
in the column 1) included in the corresponding category and age bracket. The column 1 presents the number of
respondents in the specific age bracket. The column 2 present the percentage of the zero answers (the pupils did
not answer) and the incorrect or incomprehensible answers, which could not be evaluated as far as the inclusion
into the columns 3, 4 and 5 was concerned.

Table 7: The answers to the question “What is a force?”

column 1 2 3 4 5

age of respondents number of | zero/incorrect | answer at level answer at level answer at level
respondents answer of complex of pseudoconcept of concept

grade 8 315 17,8 % 45,0 % 32,9 % 4,3 %

grade 9 209 28,4 % 25,7 % 44,3 % 1,6 %

grade 11 115 23,5% 18,3 % 53,9% 4,3 %

grade 12 187 21,4 % 32,6 % 43,3 % 2,7%
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6. Conclusions

The paper presents a theoretical cognitive construct — the triangular model of the concept structure and the
developmental levels of concepts in the external conceptual knowledge systems. The model is not fully verified
yet with respect of the huge complexity of a complete problem. Based on this model, the specific method of
cognitive analysis and synthesis of concepts has started to develop. This method enables a construction of
cognitive models of single external concepts.

The triangular model of concept may be applied to the internal concepts, as well. It describes the Vygotian
phases of concept formation, starting with complex, while distinguishing the phase of the lower and higher
complex, as well as pseudoconcept. The phases of complex and pseudoconcept were tested in the internal
concepts “conductor of the electric current”, “electric current” and “force” of eights to twelfth grade students.
By the author’s opinion, the phases of complex and pseudoconcept are necessary developmental phases in the
concept formation. The objectives of school education should be an attainment of phase of the fully developed
concept at the end of educational process — at least as far as the key concepts are concerned. However, it was
demonstrated that the majority of the graduates of high schools has physical concepts, which are at the level of

complex or pseudoconcept.

The triangular model of the concept and the conception of development of external conceptual knowledge
systems were used for the analysis of development of the concept “force” and the related knowledge from the
ancient philosophy to the modern physics. Besides the first primitive level and the last — formal level
corresponding to the theoretical mechanics, two different levels of the concept “force” were distinguished: the
Aristotelian (empirical) level corresponding to the conception of force in ancient Aristotle philosophy and the
Newtonian (symbolical) level corresponding to the Newton’s conception of force. The tests of structure of the
concept “force” of sixth to twelfth grade students demonstrated that thinking of the majority of the high school
graduates remains at the ancient — Aristotelian level, at least as far as the concept “force” and related knowledge
is concerned. This misconception was found out almost thirty years ago, and it was confirmed by newer and
current research. An instruction procedure, which can help to overcome the Aristotelian misconception of force,
is presented in the paper.

The theoretical conception of the triangular model of concept, which includes Vygotian phases of concept
formation and developmental levels of concept formation, has proven to be an efficient tool for the cognitive
modeling of concepts and knowledge within the first phases and transformations of the curricular process.
Besides, it may be used in the course of the instructional process in connection with tests of the input and output
knowledge concerning the quality of the acquired knowledge.
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